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ABSTRACT

In this monograph, certain nonlinear systems of three differential equations are considered. It is as-
sumed that the nonlinearities entering into the system satisfy the generalized Hurwitz conditions. Sufficient
conditions for stability in the whole and conditions for which the systems considered have periodic solu-
tions are also considered. Conditions are imposed on the parameters of the systems which are necessary

and sufficient for stability in the whole for any nonlinearity.

This work can be useful to specialists in the qualitative theory of differential equations and the theory

of automatic control.
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FOREWORD

Beginning in 1949, many mathematicians became interested in the problem of Ayzerman. This problem
consists of the following.

A system of differential equations is given

n.

d. d .
Ly = Wayxy F o) xp, = Payx; (=2,3,...,m), *)

Jj=1 j=1

£(xy)
Xk
£(0) = 0, such that for system (*) the fulfillment of the Hurwitz conditions is the negativeness of the roots of

where b(xy) = , and f(x) ) represents a function which is continuous in the interval — o < x < + oo, with

the characteristic equation (in which the coefficient of x) in the first equation is a,; + b{xy)). It is asked
whether the trivial solution x, = x, = ... = x, = 0 is asymptotically stable! in the whole (as, obviously, it
would be for constant b(xy)).

This question is completely solved for the case n = 2. In this case it was shown that for certain ayj,
asymptotic stability in the whole of the solution x, = x, = 0 takes place independently of the supplementary
properties of f(xy). However, in the presence of one such relationship among the ay], there is asymptotic
stability in the whole of the null solution only for certain supplementary conditions on the f(xy), which are
accurately determined. However, if these supplementary conditions on f(xy) are not fulfilled, then there is a
domain of stability bounded by motions which go to infinity as t » + o and as t » — . These boundaries of
the motion can be found with any degree of precision. Qualitative illustrations of the behavior of such sys-
tems are also studied and appear sufficiently simple.

Thus, in the case of two equations, Ayzerman’s system was well studied, and for such systems, sta-
bility in the whole for certain relations between the ay] is destroyed by the presence of motions which go to
infinity at both end points in time. It is noted that in the general case of a system of two equations, a
Lyapunov function can be found which, while it does not settle the stability question of the null solution,
still eliminates the existence of a periodic solution.

For a system of three differential equations, there are no Lyapunov functions in the general case. For
systems of three equations of the Ayzerman type, only sufficient conditions for the global stability of the
null solution were found, which were established on the basis of Lyapunov function construction.

1See the definition of asymptotic stability in the whole on page 7.



First considered in this monograph are such systems of three equations of the Ayzerman type where the
matter of global stability of the null solution is established by more exact methods of analysis. Systems are
also shown in which the global stability of the null solution is violated by the existence of periodic solu-
tions. These periodic solutions are discovered here by the properties of field direction which are qualita-
tively different from those which, until now, employed the establishment of the existence of periodic solu-~
tions of three-equation systems. The reader is referred to the monograph itself for other interesting,

distinguished points of its contents.

The problems investigated in this work are difficult, and efforts must be turned to their solution. For
the solution of these questions, the author applies new investigational methods which enable the discovery
of the existence of periodic solutions and the matter of global stability of the null solution. Apparently,
these new methods are also useful for examining other systems of differential equations.

The author evidently concurs with the following statement made by P. L. Chebyshev concerning the

words of A. M. Lyapunov:

"To be engaged in easy, although also new, problems which can be resolved by well-known meth-
ods is worth nothing, and therefore every young scholar, if he already has some practice in the
solution of mathematical problems, must try his skill on some serious problem which exhibits

known theoretical difficulty.”

The attentive reader will undoubtedly continue his interest in the investigations of V. A. Pliss.
Already in this monograph there are, possibly, prepared solutions to problems about important generaliza-
tions of the conditions for the existence of periodic solutions. Indistinctly, a conjecture on the monotonicity
of the nonlinearity at infinity for the boundedness of all solutions of the systems considered is evoked by
the raising of a question or by the method of investigation (chapter V of the monograph).

N. P. Yerugin



INTRODUCTION

In this book, a special case of a system of three differential equations of the Ayzerman type (ref. 1) is
studied. The problem as posed by Ayzerman is formulated in the following way.

Given the system of linear differential equations:

n n
dx dx .
B = Do+ Fre, = (i=2,3,..., 1), (1)
=1 Jel
For given constants apj(pj = 1, 2, ..., n) and for any value F in some interval a <F < 3, let all the roots of

the characteristic equation of system (1) have negative real parts. This is required to prove or disprove the

following assertion.

For any interval {a, B) for which, with a < F < 3, the roots of the characteristic equation of
system (1) still maintain negqative real parts, and for any single-valued continuous function f(x)

satisfying the conditions:

ax® < f(x)x < Bx* forall x £0 (a)
£(0) = 0, (b)
and the system:
n n
dx dx, .
ﬁzzavxj+ﬂx’e)» #=}Elafij (i=23,...,n), (2)
j=1 =

at its unique equilibrium state, which obviously corresponds to the origin of coordinates x, =
X, =... =Xy =0, will have at the origin a stable equilibrium state, and the domain of attraction

includes the entire phase space of the system; i.e. — 0o <xj <o (j=1,2, ..., n).

In the following, we will call the function f(x) the nonlinearity, and conditions (a) and {b) the general-

ized Hurwitz conditions.

Ayzerman's problem has been resolved in a negative sense; that is, N. N. Krasovskiy (ref. 2) con-
structed an example in which the null solution of system (2) is not globally stable. However, there is still



interest in the following questions. For what values of the parameters ap; entering into system (2) will the

null solution of this system be globally stable for amy nonlinearity satisfying the generalized Hurwitz condi-
tions? If the null solution of system (2) is not globally stable for any nonlinearity satisfying the generalized
Hurwitz conditions, then what additional restriction on the nonlinearity is required for the null solution to be
globally stable? For what values of the parameters a,; and for what nonlinearities will the null solution not

be globally stable?

Answers to all these questions are available for systems of two differential equations of the Ayzerman

type. We consider the system:
dx d
GF= ), Gp=bxtey, (3)

where a, b and c are constants, and the continuous function f(x) is single value and satisfies the general-

ized Hurwitz conditions:

x [f(x)Fex] <O, x[cf(x)—abx]> 0} @)
for x#Oandf_(O):——O

If ¢* + ab # 0, then, as shown by N. P. Yerugin (refs. 3, 4, and 5), the null solution of system (3) is globally
stable for any nonlinearity f(x) satisfying the generalized Hurwitz conditions (GHC) (4). N. P. Yerugin
(ref. 5) proved that, for the null solution of system (3) to be globally stable in the case c*+ ab =0, it is

sufficient that (5) be fulfilled:

HE. [f(cf(,r) — ab.x) dx + cf (x) — abx} =1 oo ]

X+ }-o0

lim l:jf (cf (X)— abx) dx —cf () + abx] =+
0 -

X+ —o0

(5)

N. N. Krasovskiy (ref. 6) proved that condition (5) is also necessary for the global stability of the null solu-
tion of system (3) whenever c? + ab = 0. Reference 7 explains that for ¢? + ab = 0 a curve can be constructed
bounding the domain of atiraction for the point x = y = 0, when the null solution is not globally stable. But
this monograph studies in detail the qualitative picture of the integral curves behavior inside the domain as

well as outside its boundaries.

I. G. Malkin’s work (ref. 8) shows that for system (3) under conditions (4) there always exists a
Lyapunov function in the form of “an integral of the nonlinearity plus a quadratic form of the coordinates of
the phase space” (which, otherwise, does not always gquarantee the global stability of the null solution).
Therefore, two-equation systems of the Ayzerman type do not admit periodic motions different from the posi-
tion of equilibrium. Moreover, from (5), it follows that in the plane case of Ayzerman's problem, the resolu-
tion of the global stability problem does not depend on the nonlinearity behavior in a limited portion of the
real axis. Many authors (refs. 9—17, and 35—40) studied different, special cases of three-differential-
equation systems of the Ayzerman type (a detailed summary of such works with the resulting equations is
included in a survey. paper by N. P. Yerugin (ref. 18)). In all of these works, the authors attempted to

4



construct Liyapunov functions in the form of an “integral of the nonlinearity plus a quadratic form,” and with
its help they obtained some sufficient conditions for global stability.

In addition to the cited references, the present work studies Ayzerman-type systems of three differen-
tial equations. In system (2) it is assumed that k = 1, n = 3, and the nonlinearity f(x) satisfies the GHC.
The basic problem solved in this work consists of the following: for what values of the parameters qj;j is the
null solution of (2) globally stable for any function f(x) satisfying the GHC? In other words, the problem is
resolved for which aj; the place has a positive answer on the question of Ayzerman’s problem. For the case
when n = 3, k = 1, this problem is completely solved; i.e., conditions are given which are necessary and
sufficient for global stability with any nonlinearity. At the same time, a series of other questions are re-
solved in the work. For the special case a,, + a;, = 0, a more detailed analysis is undertaken than in the
general case a,, + a,; £ 0.

Chapter I establishes a general theorem on the global stability of motion which is used in later dis-

cussions.

The studied system is brought into a certain special form in chapter II. In the same place, the GHC is
written in a clear form, and various special cases are considered.

Chapter 1II establishes several theorems on the general characteristics of the arrangement of the tra-
jectories of the system studied. In particular, it explains how, for certain supplementary conditions imposed
on the coefficients ajj, the solutions of system (2) are related to individual oscillating figures.

A series of sufficient conditions are given in chapter IV for global stability for any nonlinearity satis-
tying the GHC. In those cases when global stability for any nonlinearity cannot be established, conditions
are formulated to be imposed on the nonlinearity which are sufficient for global stability of the null solution.

For the proofs of many theorems in chapter IV, Lyapunov functions are used in the form of an “integral

of the nonlinearity plus a quadratic form of the sought-after functions.”

A method is given which permits
establishing conditions necessary and sufficient for the existence in system (2) of a Lyapunov function of

such special form. The theorem demonstrated in chapter I is used for the proofs of other theorems in chap-’
ter IV.

The special case a,, + a;, = 0 is specifically studied in chapters V and VI. Conditions sufficient for
the boundedness of all the solutions of the system studied are formulated. For the fulfillment of these con-
ditions, the qualitative behavior of the trajectories is made more precise. In particular, the following alter-
native assertion is proven: for the conditions defined, either the null solution is globally stable or system
(2) has a periodic solution.

Chapter VI states the conditions sufficient for the presence in system (2) of periodic solutions different
from the equilibrium position. To prove that such solutions exist in the system studied, a method is used
which is different from the principle of the transformation of a linear element into itself used by A. A.
Andronov and A. G. Mayer (ref. 19); the principle of the torus used by K. O. Fridrichs (ref. 20), L. M. Bauch
(ref. 21) and V. V. Nemytskiy (ref. 22); and the principle of transforming the entire space into itself used by



G. Colombo (ref. 34). (See also the survey paper of V. V. Nemytskiy (ref. 23) on the periodic solutions of

systems of three differential equations.)

Sufficient conditions are given in chapter VII for the absence of global stability in the case a,, +a,,#0.
In this general case, instability can be realized by the appearance of periodic solutions as well as by the
appearance of solutions going to infinity for the continual variation of all the sought-after functions (just as

in the degenerate case of the Ayzerman plane problem).

In the conclusions, conditions are formulated which are necessary and sufficient for the global stability
of the null solution of the system studied for any nonlinearity satisfying the GHC.

For the completion of this work, invaluable help and assistance was extended by my teacher N. P.
Yerugin, whom I warmly and sincerely thank. I give my deepest thanks to V. I. Smirnov for the extremely
valuable references to my work. To V. P. Basov I express my deepest appreciation for reading the manu-
script and making a series of important critical remarks which were accepted for the ultimate preparation of

the work for the printers.



Chapter I. A GENERAL THEOREM

Section 1

We consider the system of ordinary differential equations,

d.
d%szs(xh Xy envs Xp) (s=1,2,..., n), (1.1)

the right sides of which are defined and continuous and satisfy the conditions for uniqueness of solutions

for any real x,, %,, ..., X,. In addition, we assume that

Xs(0,0,...,0)=0  (s=1,2,..., n) (1.2)

We will say that the null solution of system (1.1) is globally stable if it is Lyapunov stable and if, along all

solutions of system (1.1), the following condition holds:
lim xg(£) =0 (s=12,...,n). (1.3)

for oo

By &(p, t) we will designate that trajectory of system (1.1) which, for t = 0, passes through the point p.!

Consider the hyperplane
a5+ ayxy+ ... agx, =0 (1.4)

of the phase space. We say that trajectory &(p, t) of system (1.1) intersects the hyperplane (1.4) for t = t, if
instants of time, t, <t, <t, <t,, exist such that on trajectory ¢(p, t) the following conditions are fulfilled:

ayx; +ayx,H- ... Fapx, =0 for ftelt,, %] (1.5)
and
aux, + @ Xo+ ... +a,x, #+0 (1.6)

1 Throughout this book, ¢ appears in equations within the text while ¢ may appear in equations set apart
from lines of text. Both symbols represent the same quantity.
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for

telt,, t,) and te(t,, t.].
For this, the signs of the expression a,x, + a,X, + ... + GnX, on the trajectory &(p, t) in the intervals [t,, t,)
and (t,, t,] are different. In other words, at the intersection the trajectory goes from one side of the hyper-
plane of (1.4) to the other. For this, the trajectory ¢(p, t) can lie in the hyperplane (1.4) for q finite interval

of time (if t, < t;), or have with it only one common point (if t, = t,). In both cases the point of intersection
of the trajectory ¢(p, t) with the hyperplane (1.4) will be called the point ¢(p, t,).

We have the following theorem.

Theorem 1.1

For the trivial solution of system (1.1) to be globally stable, it is necessary and sufficient for the fol-

lowing conditions to be fulfilled:
(1) The point (0, 0, ..., 0) is an isolated equilibrium point of the system (1.1).
(2) The equilibrium position (0, 0, ..., 0) is stable in the sense of Lyapunov.
(3) There exists a hyperplane L of the type (1.4) such that:

{a) along any trajectory for which a T can be chosen such that for t > T, the trajectory does not in-

tersect the hyperplane L., then xg >0 (s =1, 2, ..., n) for t » + oo;

(b) there exists a continuous function v defined only for points on the hyperplane L. which has the
qualities v(0, 0, ..., 0) =0, v(x,, x,, ..., X5) > 0 for (x,, x,, ..., XpleL and (x,, x,, ..., x4) £ (0,0, ..., 0),

v(x,, x5 ..., Xp) » o for (x,, x,, ..., xy)él. and § X; - oo;
1=

(c) if a trajectory ¢(p, t) of system (1.1) has at least two points in common with the hyperspace L,
then the following is fulfilled: let t, and t, be two instants of time for which the points ¢(p, t,) and ¢(p, t,)
lie in the hyperplane L; then, if t, <t,, v(¢(p, t,)) > v(o(p, t.).

This theorem with a short proof is in reference 24; here, a detailed proof is shown.

Proof
1. Sufficiency

Because of condition 3a, it is sufficient to prove only the following fact. Any trajectory ¢(p, t) which
possesses the quality that increasing sequence of instants of time can be chosen,

8



ty, ty, ta o0 >4 0o, (1.7)

such that the points ¢(p, tyx) are points of intersection of the trajectories ¢(p, t) with the hyperplane L., goes
toward the origin of coordinates for t » . We will now prove this.

By virtue of condition 3¢, all ¢(p, t) lie in the domain:

v < v(olp, t,))- (1.8)

Domain (1.8), because of condition 3b, is bounded. Therefore, according to the Bolzano-Weirstrasse
theorem, a sequence of points &(p, tx) can be found which converge at point q; i.e.,

limo(p, Ip)=4qg. (1.9)
koo

In consequence of (1.7), point q is an w-limit point for trajectory ¢(p, t). We prove that if at the instant of
time 7, trajectory &(p, t) intersects hyperplane L., then:

v(ep(p, 7)) > viq). (1.10)

As a result of condition 3¢ of the theorem, the sequence v((p, ti)) is decreasing. Moreover, because of the

continuity of function v and relation (1.9), we have

lim v (¢ (p, £r)) =2 (q). (1.11)

Consequently,

v(d(p, tx)) > viq) (1.12)

for all k. Resulting from (1.7), an i can be found such that t; > 7; and, necessdrily, due to condition 3c,

vig(p, 7)) > via(p, 1)) (1.13)
Therefore, (1.10) follows from (1.12).

We will now prove that q coincides with the origin. Indeed, assume to the contrary that ¢ # (0, O, ...,
0), and consider a trajectory &(q, t) of system (1.1). For ¢(p, t), this trajectory is an w-limit point. Also
assume at first that a t* > 0 exists such that for t = t*, ¢(q, t) intersects hyperplane L. From condition 3c
of the theorem we have

v(ie(q, t*)) < viq). (1.14)

Therefore, by using the theorem on integral continuity and the definition of the intersection of & trajectory of
system (1.1) with the hyperplane of type (1.4) which was stated above, we can choose 7 such that trajectory
¢(p, t) intersects hyperplane L for t = 7 and v{(¢(p, 7)) < v(q). But this contradicts inequality (1.10). Con-
sider now the case when trajectory ¢(p, t) does not intersect hyperplane L for t > 0. Then, from condition

9



3a, ¢(gq, t) » (0,0, ..., 0) for t » =, and, consequently, the origin of the coordinates is the w-limit point for
trajectory ¢(p, t). But from here, because of condition 2 of the theorem, ¢(p, t) goes to the position of

equilibrium (0, 0, ..., 0), which contradicts g # (0, O, ..., 0) being the w-limit point for ¢(p, t). The con-
tradictions obtained show that point q coincides with the origin, and, consequently, trajectory ¢{p, t) has as
its w-limit point the Lyapunov stable position of equilibrium (0, O, ..., 0). Therefore, trajectory ¢&(p, t)

goes to the origin as t - .

The sufficiency of the conditions has been proven.

2. Necessity

Let the trivial solution of system (1.1) be globally stable, and take an arbitrary hyperplane of type
(1.4). Then conditions 1, 2 and 3a are obviously fulfilled. Now only the existence of a function v which
satisfies the conditions of 3c and 3b must be proven. As proved by Ye. A. Barbashin and N. N. Krasovskiy
(ref. 25), from the conditions of the theorem, there exists a continuously differentiable, positive definite,
infinitely large function w, the derivative of which, by virtue of the equations of system (1.1}, is negative
definite. It is not difficult to see, then, that the function w satisfies all the conditions of the theorem, if it

is considered as a function of the points on hyperplane L. Thus, the theorem is proven.

10



Chapter Il. SOME CERTAIN TRANSFORMATIONS

Section 2

In the present work, a system of three differential equations of the Ayzerman type is studied (ref. 1).
The system considered has the following form:

d
’szT = fi (%) + apy, + a5z,

ay
”371 = Ay X+ gy + 232, (2.1)

dz,
—F = X+ QY - Az

We assume that

a. ay: a a a a
A]] - 22y 23 , A21 — . 12 13 , A“ — 12 i3 . (22)
g2, gy Qg3 Qg a2y U3y
In the following, we will assume that
Az + A% #0. (2.3)

The case A, + Al, = 0 is of no interest to us for the following reason. If a,, = a,, = 0, then system (2.1) is
integrable by quadratures. If A,, = A,, =0, but a?, + af, # 0, then system (2.1) can be written in the follow-
ing way:

dx

a}- =fl (,A:) ’—!“‘ a,g_yl + alSzl

4y _ + +agz)n @4
p = QX (@ a7 g b .
dz

st = aqyux 4 (ay, +aT)

a

where n, and n, are constants combined in an appropriate way. However, it is seen immediately that every

one of the points lying on the line x = 0, a,y, + a,,z, = 0 is an equilibrium position for system (2.4) and,

11



consequently, also for system (2.1). But in this work it is assumed that function f,(x) satisfies the GHC,
and, as a result system (2.1) cannot have equilibrium positions different from the origin. Without losing

generality, we can assume that
A, #0. (2.5)

The generality is not lessened by this assumption since the case A,, # 0 is brought into the case A,, # 0 by
a simple relabeling of the variables. Further, we will assume that

4y Am (2.6)

2% By

In the case when inequality (2.6) is not fulfilled, system (2.1) was investigated by N. N. Krasovskiy (ref. 6),
who demonsirated necessary and sufficient conditions in this case for the global stability of the null

solution.

For function f,(x), we will assume that it is defined and continuous, and satisfies the conditions for a
unique solution for all real x. In addition, we will assume that { (x) satisfies the GHC.

On system (2.1) the following transformation of variables is performed:

Y= —(Qy -+ ay) x + apy, + a2,
2= A X 4 By + Agizyl

Because of inequality (2.6), the transformation is nonsingular. Note that this transformation shows
only some of the variables of the transformation proposed by N. N. Krasovskiy inreference 6. Inthe new vari-

ables, system (2.1) has the following form:

D — f1 () + (@ F ag) x+y
% = — (@yy + A3y) f1 (%) + (200 + Qy505 — 1)) X+ 2 (2.7)
dz

i = dufi () - (an by 4 agdyy) X

We assume that
f(x) = — £(x) - (a,, + a,,)x,
a == (@A, + a5,Aq,) + (0, + agg)Ayy,

b=A,,,
¢ = — (a,a,, + a;a5, - Ay) — (0, + ag5)?,

d = - (a,, + as,)-

12



Then system (2.7) takes the following form:

dx ]

w4 =y —F(x)
%— =z —cxX— df(x) ‘ (2.8)
%: —ax —bf (x)

We assumed that function f,(x) satisfies the GHC, but at the same time, function f(x) also satisfies
this condition. Considering f(x)/x as a constant quantity, we have for the characteristic equation of sys-
tem (2.8):

) 1 0
x £l ’

1 (x) : .
—c—d = —1, 1}=0

—a—bfR Lo _.
x ,

or
x=+f_fc_"v+‘(c+d’%"))x+(a+b’%"’)=o.

Therefore, the GHC for system (2.8) will have the following form:

£0) = 0, (2.9)

IL;)>0 for x + 0, (2.10)
a+6™0>0  for x0, (2.11)
@Dy >0 for x 0. (2.12)

System (2.8) with conditions (2.9)—(2.12) will also be investigated in the following. For this, the spe-
cial case d = 0 will be subjected to somewhat more detailed analysis than will the general case d # 0. Con-
cerning this, in the case d = 0 we make the following substitutions. From the GHC, (2.10)—(2.12), it follows
that ¢ > O for d = 0. Having noted this, we set

y = szz, Z=C(Z,, t= 7?* . (213)

13



Then system (2.8) takes on the form

dx b s,
‘“2 2 }/‘C- f( )7 a'[2 zz x)
dzy a b
P e — ———=- f(X)-
i, e rd A (2.14)

Here we set

S FO =L = g =b

Dropping the index 2, we arrive at the following system of differential equations:

dx d d
Sy f(); F=z ey S —ax—bf (x). (2.15)
As follows from relations (2.9)—(2.12), the GHC for system (2.15) has the form below:
£(0) = 0, (2.16)
I—gc'—t) >0 for x =£0, (2.17)
a+6lP50  for x#0 (2.18)
jl;)——(a—l—b%’i))>0 for x 0. (2.19)

Depending on parameters a, b, ¢ and d of system (2.8), the GHC (2.9)—(2.12) for function f(x) is written in
different ways. In connection with this, an entire series of different cases arises. We assume at first that
d = 0; i.e., first we consider system (2.15). Then inequalities (2.17), (2.18) and (2.19) yield the following

cases:

(1) 0<b<l,a>0

f(x) a

¥ 1=y for x#0. (2.20)
(2) 0<b<1l,a=0

I'—ii)>0 for x 0. (2.21)

14




(3) 0<b<kl,ax0

@ > % for x+0. (2.22)

(4) b=0,a>0
RACZ AN a for X+ 0. (2.23)

(5) b<0,a>0
< f;”‘) < ——’% for x +0. (2.24)

(6) b=1,a<0
> 0 for xe0. (2.25)

(7) b>1,a<0
— et o k0, (2.26)

Now let d #£ 0. In this case we set:

=)V (c—b):+ dad_
A= a

= (e—by—V {c - b)?+ 4ad
B == - “~od - —

These designations have sense when (¢ — b)? + 4ad > 0. Inequalities (2.10), (2.11) and (2.12) are brought to
the following different cases:

(8) d<0,b>0,A>max{0,—%}

e

A< LS <B for x #0. (2.27)
(9) d<0,b>O,A=—%=0

A<IP < far x#0. (2.28)
(10) d<0,b>0,B>—%>max{A,0}

— 2 I p tor X # 0. (2.29)
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(11)

(12)

(13)

(14)

(15)

(16)

(17)

(18)

(19) d>0,b>0,—g>max{A, 0}

(20)

d<0,b=0,A>0
A<—f%<'3

d<Qb<Q0<A<B<_§

d<0,b<0,0<A<B=-

A<IPD<p

d<Qh<Q0<A<—%<B

A< o<

d>0,b>0, (c~b)*+4ad <0

Sy e
X b

d>Qb>QA>mn{Q_d
bf

f(x)
>4

d>Qb>QA=—%>0

1)
>4

d>0,b>0,A=-%-0

o

__}_

) _a
R

d>Qb>0,B>—%>O

a _ f(x)
-5 <=~ <B

for x4 0.

for x F£0O.

for x=£0.

for ‘'x # 0.

x +0.

x 0.

x 0.

x # 0.

for x A£0.

16

(2.30)

(2.31)

(2.32)

(2.33)

(2.34)

(2.35)

(2.36)

(2.37)

(2.38)

(2.39)



(21) d>0,b=0,A>0

F(x)
> A for x 0. (2.40)

(22) d>0,b<0,0<A<—§

AcIBD 2 for x#0. (2.41)

Note that this classification of the cases was proposed by A. P. Tuzov in reference 12. But here, only
the number of cases and the designation of the coefficients are changed.

A consideration of cases 15 and 19 shows that system (2.8) is brought to a system called indirect requ-
lation by a simple transformation of variables and of function f(x). This system is completely discussed in
reference 40 which proves that the null solution of system (2.8) is globally stable for any nonlinear function
f(x) satisfying the GHC, (2.34), if the conditions of cases 15 and 19 are fulfilled. Reference 12 shows that
the null solution of system (2.8) is globally stable for any f(x) satisying the GHC, (2.21), if the conditions
of case 2 are fulfilled. Therefore, cases 2, 15 and 19 are excluded from consideration in the following.

Combine inequality (2.11) with inequality (2.12); then, after dividing by £(3{x_) > 0, we obtain

d’:&i) +¢>0 for x:~0. (2.42)

We will prove that for all cases except 13 and 17, a number 3> 0 can be found such that a stronger inequal-
ity will take place

dfi:i) "}— c™>S % for Xx = 0. (243)
Let the GHC for system (2.8) be written in the form

1<Li§) <. (2.44)

For this, p can be a nonproper number. Inequality (2.43) could not be fulfilled if, for L}’:) = A or for_f% =y,
inequalities (2.11) and (2.12) at some time become equalities.

As a direct investigation will show, this is possible only in the conditions of cases 9, 13, 17 and 18.

In cases 9 and 18 we will prove that inequality (2.43) is fulfilled for all f(x) satisfying the GHC. As seen
from inequality (2.18), it is sufficient for case 9 to prove

dB +c>0. (2.45)

But from the conditions of case 9, dB = — ¢ + b; therefore, (2.45) follows and, with it, (2.43).
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In case 18 it is obviously sufficient to prove that ¢ > 0. But from the conditions of case 18, it follows
that —(c ~ b) + |c — b| = 0; consequently, ¢ 2 b > 0, and thus (2.43) also follows.

Therefore, inequality (2.43) cannot be fulfilled in cases 13 and 17.
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Chapter III. THEOREMS ON THE GENERAL CHARACTERISTICS OF THE BEHAVIOR
OF THE TRAJECTORIES OF THE SYSTEM STUDIED

This chapter will consider the general characteristics of the behavior of trajectories of system (2.8)
when conditions (2.10), (2.11) and (2.12) are fulfilled. By ¢{p, t), we will designate that trajectory of sys-
tem (2.8) which, for t = 0, passes through point p of the phase space. Let E be some set of points of the
phase space; then, by H(E, t), we will designate the set of those trajectories of system (2.8) which fort =0
passes through points of set E.

Section 3

We describe the field of the directions determined by system (2.8) for conditions (2.10), (2.11) and
(2.12). It is seen immediately from system (2.8) that for y — £(x} > 0, x increases along all motions of syster
(2.8); but for y — £(x) < 0, x decreases with increasing time t. For z > cx + df{x), y increases along all the
motions of system (2.8); but for z < ¢x + df(x), y decreases with increasing time. As is seen from inequality

(2.11), the derivative %f— has a sign opposite the sign of x. Therefore, for x > 0, z decreases along all the

motions of (2.8), but for x <0, z increases with increasing time.

The trajectories of (2.8) for y > O intersect the plane x = 0, crossing from the half-space x < 0 to the
half-space x > 0; while for y < 0, the trajectories of (2.8) intersect the plane x = 0, crossing, with in-
creasing time, from the half-space x > 0 into the half-space x < 0. For y = 0, the trajectories of (2.8} are
tangent to the plane x = 0. Let point p lie on axis Oz, and let its z component be positive. Then trajectory
¢(p, t) of (2.8) is tangent to the plane x = 0 at t = 0, and for t £ 0, but sufficiently small, the trajectory lies
in the half-space x > 0. ¥ point p lies on the negative Oz axis, then trajectory ¢(p, t) is tangent to the sur-
face x = 0 at point p in such a way that for t # 0, but sufficiently small, ¢(p, t) lies in the half-space x < 0.
Thus, the z-axis component on the plane x = 0 experiences a maximum for y > 0 and « minimum for y <0
along all motions of system (2.8). For y = 0, the z-axis component on plane x = 0 does not have an extremur
along the trajectories of (2.8).

We will now describe the behavior of the trajectories of system (2.15) in the neighborhood of plane
z ~ % = 0. For this we will consider x 2 0 since for x < 0 the situation will obviously be the same. Let
point p lie in plane z — x = 0. If at point p, y 2 f(x), then trajectory ¢(p, t) intersects plane z — x = 0 for
t = 0, crossing from the half-space z — x > 0 into the half-space z — x < 0.
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If at point p, y - f(x) <0, but

dz __ —ax—bf(x)

then trajectory ¢(p, t) at point p intersects plane z — x = 0 as well as crossing from the half-space z - x > 0
into the half-space z — x < 0. In both these cases, the y component of trajectory ¢(p, t) intersecting the y

axis assumes a maximum at point p.
Now, at point p, let x>0, z-x =0, y — f(x) <0 and

dz _ —ax—bf(x)
dx— y—f{x) <1, {3.2)

Then trajectory ¢(p, t) intersects plane z — x = 0, crossing from half-space z - x <0 into half-space z — x >0.
The ordinate of trajectory ¢(p, t} takes on a minimum. But if y — £(x) < 0 and

dz  —ax—bf(x) _
&=y w b (33

then trajectory ¢{p, t) is tangent to plane z — x = 0 at point p.

Now let point p lie on the cylindrical surfoce y — {(x) = 0, for which it is assumed, as before, that x 2 0
at point p. If at point p, z — cx — df(x) > O, then &(p, t) intersects the surface y — f(x) = 0 at point p, cross-
ing from domain {y — f(x) < 0} into domain {y — f(x) > 0}. (Here, and in the following, inequalities enclosed
in braces designate that domain of the phase space where the inequality is fulfilled.) In this case, at point
p, the abscissa of the trajectory &(p, t) assumes a minimum. If at point p, z ~ cx — df(x) < 0, then trajectory
&(p, t} intersects surface y — {(x) = 0, passing out of domain ly — f(x) > 0} into domain {y — f(x) < 0}. For

this case, the abscissa of trajectory @(p, t) at point p has a maximum.

Section 4

At this point we formulate a theorem on the behavior of trajectories of system {2.8). To prove this

theorem, we need to prove several lemmas.

Lemma 3.1

Let pelx > 0, z < 0}. Then trajectory é(p, t) for t > 0 intersects surface x = 0.

Proof

We assume that pefx > 0, y - f(x) > 0, z < 0}. Then we prove that, with increasing time, trajectory
&(p, t) of system (2.8) intersects surface y — i(x) = 0 and goes into domain {x > 0, y — £(x) <0, z < O}.
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Indeed, in domain {x > 0, y — f(x) > 0, z < 0} the x component along all the motions of {2.8) increases, while
the y and z components decrease with increasing time. In the domain considered, y on trajectory ¢(p, t) is
bounded since it decreases in this domain and is positive. But then, in this domain on trajectory ¢(p, t), x
is also bounded.

Indeed, dividing the first equation of system (2.8) by the second, we obtain

dx __  y—f(x)___
dy  zCx—df(x) " (3.4)

Following from inequalities (2.11) and (2.42), z — cx — df(x) < z, < 0 on trajectory ¢(p, t) for t > 0 and, thus,
olp, tlelx > 0, y — f(x) > 0, z < 0}. Therefore, from the boundedness of y in the domain considered, the
boundedness of x also follows.

We prove that the z component is also bounded on trajectory ¢(p, t) in domain {x > 0, y — £(x) > 0,
z < 0}. To verify this, divide the third equation of system (2.8) by the second, thus yielding

dz ___ —ax+ bf(x) (3.5)

dy  z—cx—df(x) "’

Since x is bounded on trajectory ¢(p, t) in the domain considered, and z decreases with increasing time in
this domain, because of inequality (2.11), then the right side of equality (3.5) is also bounded. Thus, from
the boundedness of y, the boundedness of z also follows. We assume now that trajectory ¢(p, t) remains in
domain {x >0, y - f(x) >0, z <0} for all t 2 0. Then ¢(p, t} is bounded for t > 0. However, in our domain
all the coordinates depend monotonically on time; therefore, trajectory ¢(p, t) for t » + « goes to some point
of phase space other than the origin. It is known (ref. 26) that such a point can be only an equilibrium posi-
tion of our system. Yet system (2.8) has only one equilibrium position, considered to be the point (0, 0, 0).
Therefore, the assumption that trajectory ¢(p, t) for t 2 0 remains in domain {x > 0, y — f(x) > 0, z <0}, is
absurd. Consequently, trajectory &(p, t) for t = t, > O intersects the surface y — {(x) = 0 and goes into
domain {x > 0, y — f(x) < 0, z < 0}.

We prove that trajectory ¢(p, t) for all t > t, cannot lie in domain {x > 0, y - £(x) <0, z < 0}. On the
contrary, we assume that ¢(p, t) lies in this domain for all t > t,. We show then that trajectory ¢(p, t) is
bounded for t > t,. Indeed, x in this domain decreases and is positive; consequently it is bounded. We as-
sume that the z component along trajectory ¢(p, t) decreases without bound with increasing time. Dividing
the third equation of system (2.8) by the first, yields

dz —ax — bf (x) (3.6)

dx — y—Jsx)y

From this equality, it follows that z on trajectory ¢é(p, t) can be unbounded only on the condition that y
on ¢(p, t) is bounded for t > t,. But then, as seen from equality (3.5), z is also bounded on ¢(p, t) for t > t,.
Consequently, the assumption about the unboundedness of z on trajectory &(p, t) for t > t, is preposterous
and means the z component on trajectory ¢(p, t) is bounded for t > t,. From equality
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dy __ z—cx—df(x)
dx = Ty—F(x) (3.7)

because of the monotonic decrease of y, and the boundedness of z and x on trajectory ¢(p, t) for t > t,, it
follows that y cannot be unbounded. Thus, if trajectory ¢(p, t) for t>t, remains in domain {x >0, y - f(x) <0, z<0},
then it is bounded. But all the coordinates along trajectory ¢(p, t} in domain {x > 0, y — £(x) < 0, z < 0} vary
monotonically. Since z along trajectory ¢(p, t) in this domain decreases with increasing time, then conse-
quently, there is present an equilibrium position belonging to system (2.8) different from x =y = z = 0. This,
an mentioned above, is not true. But this trajectory cannot intersect plane z = 0, since in domain {x > 0}, z
decreases with increasing time along all motions of system (2.8). Trajectory ¢(p, t) also cannot intersect
surface y ~ {(x) = 0, for, as stated in the previous paragraph, trajectories of system (2.8) for z — cx —df(x) <0
intersect the surface y - f(x) = 0, crossing from domain {y — £(x) > 0} into domain {y — f(x) < 0}, but not for
the reverse. Consequently, trajectory ¢(p, t) must intersect surface x = 0 for t = T, > t,. This also proves

the lemma.

Remark

Obviously, the assertion of the lemma is true also when pefx > 0, z = 0} and when pelx = 0, 2 <0, y> 0}.

The following lemma is proved in a precisely analogous manner.

Lemma 3.2

If pelx < 0, z > 0}, then ¢(p, t), for t > 0, intersects plane x = 0.

Lemma 3.3

Assume that in system (2.8) the conditions of cases 13 or 17 are not fulfilled. Assume further that
peix > 0, y — £(x) > 0}. Then trajectory &(p, t) of system (2.8) for t > O intersects surface y = f(x) and goes
into domain {x > 0, y — £(x) < O}

Proof

As a result of the lemma’s assumption, inequality (2.43) is valid. Assume again that pefx > 0, y — £(x)>

0, z — cx — df(x) > 0}. In this domain, x and y increase and z decreases with increasing time t.

Assume the opposite of the assertion of the lemma; i.e., that for all t > 0, &{p, t)elx > 0, y — £(x) > 0}.
We will prove then that ¢(p, t) for t > 0 intersects the plane z — x x = 0, where x is the number calculated in
inequality (2.43). Indeed, x and z on trajectory ¢(p, t) in domain {x > 0, y - £(x) > 0, z — xx > 0} are bounded
since z in this domain decreases with increasing time. We will prove that the y compeonent in this domain is

also bounded on é(p, t). To show this, we turn to equality
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dy _z—cx—df(x)
dz ~ —ax—bf(x).

(3.8)

Following from inequality {2.11), the value of the fraction standing on the right side of this inequality
can approach zero only for x = 0. Since on ¢(p, t) for t 2 0 in domain {x > 0, y — £(x) > 0, z —x x > 0}, we
see that x > x(p) and, as mentioned above, x on ¢(p, t) in this domain is bounded for t 2 0. We also see that
trajectory ¢(p, t) remains in domain {x > 0, y — {(x) > 0, z — xx > 0}. Therefore, from the boundedness of z,
the boundedness of y also follows in this domain. Thus, trajectory ¢(p, t) is bounded for t 2 0 in domain
{x>0,y-1(x)>0, z-xx>0}. Consequently, ¢(p, t} leaves this domain for increasing time. Indeed, as-
sume to the contrary that ¢(p, t)eix > 0, y — £(x) > 0, z - »x > 0} for all t 2 0. But then, because of the
boundedness, trajectory ¢)(p, t) has w-limit point q. Since, in the domain considered, x increases along
dlp, t), it is then clear that x(q) > 0. Moreover, resulting from the increase of z along ¢(p, t), tLl\an z(t) =

z(q). However, from x(q) > 0, it follows that for t > 0, and sufficiently small, z(¢é(q, t)) < z(g). But then,
from the quality of the w-limit set, a 7 > O can be found such that z(¢(p, 7)) < z(g).

The last inequality contradicts the monotonicity of function z(é(p, t)) and relation z(¢(p, t)) - z(q) for
t > + o. The contradiction obtained also proves that ¢(p, t) leaves domain {x > 0, y ~ £(x) > 0, z — xx > 0}
for t > 0. But trajectory ¢(p, t) does not intersect the surface y — f(x) = 0 by assumption; consequently, for
t = t,, ¢(p, t) intersects plane z - xx = 0 and goes into domain x>0,y -f(x)>0,z-xx<0,z>0}. In
this domain, y and z are bounded on trajectory ¢(p, t) since they decrease and are positive. We will prove
that x is also bounded on ¢(p, t) in this domain. Indeed, resulting from the decreasing of z and the increas-
ing of x, and inequality (2.43),

z —cx — df(x) <1, <0, (3.9)

is fulfilled in this domain, where 1, is some constant. Consequently, from the boundedness of y in domain
x>0, y-—f{x)>0, z-xx<0, z> 0} and from equality (3.4), the boundedness of x results in the domain
considered. Thus, in our domain, all coordinates on trajectory ¢(p, t) are bounded and monotonically varying
with time. Therefore, trajectory &(p, t) cannot lie in this domain for all t > t, and, consequently, for in-
creasing t, leaves it. Trajectory ¢(p, t) cannot intersect plane z — xx = 0 since, in domain {x > 0, y — f(x) >
0, z - xx < 0}, xincreases along ¢(p, t), and z decreases with increasing t. Also, ¢(p, t) cannot intersect
plane z = O since x increases for y > f(x). Therefore, for t = t, > t,, trajectory ¢(p, t) intersects either plane
z = 0 or surface y — f(x) = 0. In the second case, the lemma is proved. If, however, &(p, t) for t = t, inter-
sects plane z = 0, then, in this case, it crosses into domain {x > 0, y — f(x) > 0, z < 0}. But then, as shown
in the proof of lemma 3.1, for t = t, > t,, trajectory ¢(p, t) intersects surface y — f(x} = 0 and goes into
domain {x > 0, y — f(x) < 0}. This also concludes the proof of lemma 3.3.

Remark

Obviously, the assertion of the lemma is true also when pelx 2 0, y ~ f(x) 2 0, z — ex — df(x) > 0O}.

Lemma 3.4

Assume that in system (2.8) either condition 13 or 17 is not fulfilled. Assume further that pejx < 0, y -
f(x) < 0}. Then trajectory ¢(p, t) for t > 0 intersects surface y — {(x) = 0 and goes into domain ix<0,y-
f(x) > 0}. The proof of this lemma is analogous to the proof of lemma 3.3.
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Lemma 3.5

If for all t 2 0, &(p, t) is contained in efx > 0, y — £(x) <0, z > 0}, then &(p, t) goes to the origin as

t - oo

Proof

Since, along ¢({p, t), the x and z components decrease with increasing time, they are bounded on this

trajectory for t > 0.

Assume that

g, = max f(x) for 0 < x < x(p). (3.10)

Then for t 2 0, trajectory ¢(p, t) goes into domain {x >0, y — f(x) £ 0, z > 0}, and, therefore, the y component
is bounded on it above g,. Besides, from equality (3.7), from the boundedness of x and z and from the mono-
tonic decrease of x along trajectory ¢(p, t) with increasing time, we see that the y component is bounded on
¢é(p, t) for t 2 0 also from below. Thus, trajectory ¢(p, t) is positively stable in the sense of LaGrange and,

as a consequence, has an w-limit point q with coordinates x,, yo 2,

We will prove that x,=y,=z,=0. Indeed, since for t 2 0, z decreases monotonically along trajectory

@(p, t) with increasing time, there must be fulfilled the relations

z(d(p, t)) 2 zyfor t 20 (3.11)
and
lim z((p, t)) = z,. (3.12)

Point q is the o-limit for trajectory ¢(p, t), lying inside or on the boundary of that domain in which trajec-

tory &(p, t) lies for t 2 0, and, consequently, qefx 2 0, y ~ £(x) £ 0, z > O}
Since &(q, t) is an w-limit trajectory for ¢(p, t), then, for all ¢,
dlq, telx 20, y - £(x) £0, z 2 0}.

We assume now that point q does not coincide with the equilibrium position (0, 0, 0) of system (2.8). From

the preceding reasoning, it is easy to see that for any t, > 0
z($lg, t,) < zo (3.13)

Since ¢{q, t) is an o-limit trajectory for ¢(p, t), as a consequence of inequality (3.13) there exists a 7> 0

for which there is fulfilled the inequality
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z((p, 7)) < z,. (3.14)
The last inequality contradicts inequality (3.11). The contradiction obtained also proves that point q coin-
cides with the origin. As a result, trajectory ¢(p, t) has point x = y = z = 0 as its unique w-limit point.
Thus, the lemma is proved.
Lemma 3.6
Iffort20

Hlp, t)efx <0, y — £(x) 2 0, z < 0},

then ¢(p, t) goes to the origin for t = + . The proof is analogous to the proof of lemma 3.5.

Theorem 3.1

Assume that in system (2.8) conditions of either case 13or 17 are not fulfilled; then any positive half-
trajectory of system (2.8), wholly lying in one of the half-spaces x 2 0 or x < 0, goes to the origin.

Proof

Assume for definiteness that for t 2 0 the relation ¢5(p, t)eix > 0}is fulfilled. Resulting from lemma 3.1,
Hlp, tdelx 2 0, z > 0} (provided p does not coincide with the point (0, 0, 0), which we will also assume for
the proof of this theorem). Two cases are possible: either such a T exists that for t>T, &(p, t)elx>0, y - £(x) <0,
z > 0}, or such a T does not exist. In the first case, the proof is concluded by a simple reference to lemma
3.5. Turning to the second case, by virtue of lemma 3.3, there can be found a

9, > 0 such that ¢(p, 0,)elx > 0, y — £(x) <0, z > 0}.

Since, from the suppositions it cannot occur that ¢{p, t)efx > 0, y — £(x) <0, z > 0} for all t > 8,, then a r, > 0,
can be found such that on trajectory ¢(p, t)

y(7,) = £x(r ). (3.15)
From the reasoning in section 3, it is clear that for this
z{r,) ~xux{r) 20 (3.16)
on trajectory &(p, t).

According to lemma 3.5, we will be able to choose such a number 6, > 7, + 1 that ¢(p, 0,)elx > 0, y -
f{x) <0, z > 0}. For this 0,, just as above, a r, > 8, can be found so that
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y(72) = £(x(r,)), z(r,) —xx(r;) 2 0. (3.17)

Continuing this process further, we can choose a sequence 7,, 7,, ... of instants of time such that 7, >

%, + 1 and

y(n) = f(x(nc)), (3.18)
z(r) —xx(n) 20 (3.19)

on trajectory ¢(p, t).

Since trajectory ¢(p, t) for t 2 0 lies in the half-space x 2 0, then along this trajectory, z decreases

with increasing time for t 2 0, as follows from condition (2.14). Therefore, we can write

z(r) =< z(p) (3.20)

on trajectory ¢(p, t). Also from (3.19), we obtain

1
x(w) <—z(p) (3.21)
on &(p, t). Assume now that
g, =max f(x) for 0 <x< -_}' z(p). {3.22)

From (3.18), (2.10), (3.21) and (3.22), there results the following inequality:
0 < y(¢lp, n)) S g, (3.23)

From inequalities (3.21), (3.22) and (3.23), the sequence of points &(p, 7i) is bounded, and, consequently, it

has a limit point q with coordinates x,, Yo Ze-

Since n¢ > 1, + 1, l}im 7. = o, and, consequently, point q is an ©-limit point for trajectory ¢(p, t). We
—o0

will prove that point q coincides with the origin. Indeed, along trajectory ¢(p, t), z monotonically decreases

with increasing time and, therefore, there must be fulfilled by the relations

z(é(p, t)) >z for t 20 (3.24)
and
limz(g(p, t)) = z, (3.25)

Trajectory ¢(q, t) is an w-limit for ¢(p, t). Therefore, for all t, ¢(q, t)elx 2 0, z 2 0}. Assume that q does
not coincide with the origin; then, obviously, a t, > 0 can be found for which
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z(plq, t,) <z, (3.26)

Since point ¢(q, t,) is an w-limit for trajectory ¢(p, t), an instant of time t, > 0 can be found such that

2((p, t,) < zo. (3.27)

This inequality contradicts inequality (3.24). The contradiction obtained also proves that point g coincides
with the origin. Analogously, it is proved that any other w-limit point of trajectory ¢(p, t) coincides with
the origin. As a consequence, ¢(p, t) goes to this equilibrium position for t » + co. Thus, the theorem is
proved.

Section 5

In this section, we will investigate system (2.15) where parameters a and b are subjected to the condi-
tions of cases 1 and 4; i.e., we will consider that the relations 0 <b < 1 and a > 0 are fulfilled. Assume

¢ =-—2_ . From inequalities (2.20) and (2.23) there must follow

1-b
L::) > ¢ for x £ 0. (3.28)
Assume that
f(x) = ex + alx). (3.29)
Then inequality (3.28) has the form
a(x)
—x—‘— > 0 for x 74 0. (3-30)

The following lemma is true.

Lemma 3.7

Assume that the inequalities are fulfilled: 0<b <1, a>0, and ¢ 2 1. Let pelx 2 0, y = f(x) > 0}. Then
trajectory ¢&(p, t) for t > 0 intersects plane x = 0.

Proof

If z(p) £ 0, then the assertion of this lemma follows directly from lemma 3.1. Let z(p) > 0. Assume to
begin with that pelx > 0, y - f(x) > 0, z — x > 0}. As was proved for lemma 3.3, trajectory ¢(p, t) intersects
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plane z — x = 0 for t = t, > 0, whereupon inequality (3.9) will be fulfilled on this trajectory. Thus, if pefx>0,

y—£x) >0,z - x>0}, at,2 0 exists such that on ¢(p, t) the following relations are fulfilled:

z(t,) - x(t,) £0,

y(tl) - f(x(t1)) 2 0.

(3.31)

(3.32)

But if pefx > 0, y - £(x) > 0, z — x < 0}, then assume t, = 0; thus relations (3.31) and (3.32) on trajectory

¢(p, t) will also be fulfilled. Because of inequality (3.28), on ¢(p, t) there is fulfilled the inequality

y(t,) 2 £(x(t,)) > ex(t,).
Assume that
£(x(t,)) — ex{t,) =h > 0.
Then from (3.33) we obtain
y(t) 2 ex(t,) +h
on trajectory ¢(p, t). Returning now to equality (3.8), we will rewrite it in the form

dy x . z
dz = ax+bf(x) ax -+ bf (x) °

Therefore, from relation (3.30) and the definition of the number c,

dy - X o z
dx = ¢x + ba(x) Cx 4 ba(x) '

From conditions b 2 0, ¢ 2 1 of the last equality, the relation

dy <4

dz

is valid for x > 0 and z > 0. Let T > t, be an arbitrary number so that for te(t,, T) on trajectory ¢(p, t),

(3.33)

(3.34)

{3.35)

x >0, z > O results. Then on trajectory &(p, t) for te(t,, T), inequality (3.35) is fulfilled. By integrating

this inequality along trajectory ¢(p, t) from t, to T, we obtain
y(¢(p, T)) - y(&(p, t.)) > z{¢(p, T)) - z(¢(p. t,))

or

y(g(p, T)) > z(gp(p, T)) + y(o(p, t.)) — z(g(p, t.))-
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Therefore, from relations (3.31), (3.34) and ¢ > 1 we obtain

y(é(p, T)) > z(é(p, T)) + h. (3.36)

From this relation the inequality
x(¢(p, T)) >0 (3.37)

must be fulfilled since for y > 0 the trajectories of system (2.15) intersect the plane x = 0, passing from the
half-space x < 0, into the half-space x > 0.

Now we will prove that ¢(p, t) intersects the plane z = 0 for t > t,. Indeed, we assert to the contrary
that this is not so; i.e., we assume that for t > t,, z(¢)(p, t)) > 0. However, (3.37) causes x(¢(p, t)) > 0 for
all t > t, (since for T we can then choose any number larger than t;). From theorem 3.1 trajectory ¢(p, t)
goes to the origin for t » « in this case, which is impossible because of relations (3.36) and z(¢(p, t)) > 0
for t > t,. The resulting contradiction proves that ¢(p, t) intersects plane z =0 for t =t, > t,. For this it is
clear that x(¢(p, t)) > O for teit,, t,}. From lemma 3.1, it can be asserted that trajectory ¢(p, t) intersects
plane x = 0. Thus, the lemma is proved.

Assume that 0Sb<1,a>0, c> 1 and peix 2 0, y — f(x) > 0. Then, because of lemma 3.7, trajectory,
&(p, t) intersects plane x = 0 for t > 0. Let t, > 0 be the first instant after t = O that trajectory ¢(p, t) inter-
sects the plane x = 0. Then from the same proof as for lemma 3.7, it is seen that on trajectory ¢(p, t) the
relations

y(tp) <0, z(tp) <O. (3.38)

are fulfilled. Lemma 3.8 is proved analogously.

Lemma 3.8
f0<b<1l,a>0,c21andpeix <0, y - f(x) <0}, trajectory ¢(p, t) intersects plane x = 0 for t > 0.
From lemmas 3.7 and 3.8, the following theorems are consequences.
, Theorem 3.2
Let the inequalities 0 <b <1, a > 0 and ¢ 2 1 be fulfilled and let point p lie on plane x = 0. Thus,
trajectory ¢(p, t) of system (2.15) intersects plane x = 0 for t > 0.
Theorem 3.3

Assume that inequalities 0 <b <1, a > 0, ¢ 2 1 are fulfilled. Let point p, different from point x =y =
z =0, lie on plane x = 0, let t, > 0 be the first instant after t = O that trajectory ¢(p, t) intersects plane
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x =0, and let t, > t, be the first instant after t, of the intersection of ¢(p, t) with plane x = 0. Then one of

two things is possible:

(1) either
y(é(p, t)) > 0, z(é(p, t,)) >0
and then
y(élp, t.)) <0, z(é(p, t,)) <O,
(2) or
y((p, t,)) <0, z(e(p, t,)) <O
and then

y(é(p, t,)) > 0, z((p, t,)) > 0.

Section 6

In this section we will formulate a lemma of later importance. Consider two trajectories of system
(2.8); &(p,, t) and ¢lp,, t). Let the initial points p, and p, have coordinates x(1°), y(l"), z(l") and x(zo), y(z"),

zg°) correspondingly. Assume that the relations
YOS F (), 20> exi9 4 df (), KD = 20 >0, (3.39)

20> 20, y > y. (3.40)

are fulfilled. For this it is assumed that one of the inequalities in (3.40) is fulfilled in the strict sense.

From (3.39) and (3.40) follow the inequalities
YO > £ (x0), 20> exl® -+ df (). (3.41)

We will consider trajectories ¢(p,, t) and &(p,, t) on those segments from points p, and p, to the first
intersections with the surface y = f(x) after t = 0 (and if such does not occur, then to infinity). On this sec-
tion, the x components of trajectories ¢(p,, t) and &(p,, t) are monotonic functions of time t. Therefore, the
y and z components of trajectories ¢(p,, t) and ¢(p,, t) are single-valued, continuous functions of the x com-
ponents on the part considered. We will write y and z on trajectories ¢(p,, t) and ¢(p,, t) as functions of x
for which we will provide the coordinates of trajectory ¢(p,, t) with index 1 and coordinates of trajectory

@(p, t) with index 2. The following lemma is true.
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Lemma 3.9
For trajectories ¢(p,, t) and ¢(p,, t) the inequalities
¥4(x) > y,(x), (3.42)
z,(x) > z,(x), (3.43)

occur for all those x > x(1°) for which both trajectories belong to the segments considered.

Proof

We take arbitrary x, > x(,°), such that for xe(x(,°), x,], trajectories &(p,, t) and ¢(p,, t) do not intersect
surface y — f(x) = 0, and we will prove that inequalities (3.42) and (3.43) are fulfilled for all xe(x(f), x,]. By
this, the lemma will also be proved.

From relation (3.40), both inequalities (3.42) and (3.43) are fulfilled for xe(x(?, X(f) + 8], where § is a
sufficiently small number. Indeed, by virtue of continuity, they are fulfilled also for xe[x(,"), x(,°) + 8] from
inequalities (3.42) and (3.43) which are strictly fulfilled for x = x(1°) (and such exists because of the assump-
tion). But then, because of equations (3.6) and (3.7), the second of these inequalities is also fulfilled for

xe(x(1°), x(l") + 8l

Assume now, in spite of the lemma’s assertion such an x*e[x(°) + 8, x,] exists, that for x = x*, either
p 1 1

inequality (3.42) or inequality (3.43) is violated, and for xe(x(1°) + 8, x*) both are fulfilled; i.e., x* is the
first point at which one of inequalities (3.42) and (3.43) is violated. However, inequality (3.43) cannot be
violated for x = x* since

for xe (x4 8, x%), (3.44)

This follows from inequality (3.42) which, by assumption, is fulfilled for xe(x(,°) + 8, x*).
Inequality (3.42) also is not vioclated for x = x*. Indeed, assume
¥a(x*) = yo(x*). (3.45)

Then, since inequality (3.43) is fulfilled for xe(x(l°) + 8, x*), it must be fulfilled also for x = x* by virtue of
the theorem on uniqueness; in this case, resulting from (3.7), we have

dy,

dx

4y,
dx
[}

.
x—~x* XX

Because of the continuity, the last inequality is fulfilled also for x, sufficiently close to x*, but less
than it. This contradicts equality (3.45), and the contradiction obtained also proves the lemma.

31



Chapter IV. ON THE GLOBAL STABILITY OF MOTION

In this chapter, we will give several sufficient conditions for the global stability of the null solution of
system (2.8). To do this, in many cases we will construct a Lyapunov function for the system in the form
“integral of the nonlinearity plus a quadratic form of the coordinate of the phase space.” Many authors
{refs. 9—16) have constructed Lyapunov functions in this way for systems of the Ayzerman type in special

cases.

Section 7

This section will show one very simple example which in some cases enables a Lyapunov function to
be constructed for system (2.8) of the special type pointed out above. Yet in some other cases it proves the
absence of Lyapunov functions of such a type. We will prove the following.

Lemma 4.1
If the quadratic form

V=W (¥, X3 ..o, %) + 5 Fx3, (4.1)

where F is a constant number and W is a quadratic form of the variables x,, x,, ..., X, with coefficients in-

dependent of F, is positive definite for any Fe(y, 8), then the function
*k
V= Wty Xoy..., Xp) o | Flx)dx (4.2)
o

is also positive definite for any continuous f(x) satisfying the conditions

FO -0, 1< for 510, (4.3)
Proof
Choose an arbitrary continuous function f(x) satisfying the conditions of (4.3). We will prove that at
any point (X,o, Z50, - --, Xno) # (0, 0, ..., 0), function (4.2) is positive; the lemma is also proved by this. If
Xk, =0, then
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V(X 10, Xz «+ -1 Xno) = Vi{Xy0r Xz + o+ Xno) = W(X10 X300 +« <4 Xno)s

and our assertion is proved. Let xi,# 0, and multiply inequality (4.3) by x and integrate from 0 to xy,, thus

obtaining
1 "o 1
TRGITIRS 5 Fx) dx < 5 3x5, (4.4)
0
Assume that
) XRo'
Fy=— S f(x)dx. (4.5)
*ko e

From (4.4) it follows that F «(y, 6), but then from hypothesis
V(X305 Xa0s - oy Xn0) = W (KXq0, Xops- .-, Xno) + % Foxy < 0.
Therefore, resulting from (4.5),
V(X,0 Xz00 - -1 Xno) > 0.
The lemma is proved.

Suppose now that in functions v and v,, the quadratic form W has coefficients dependent only on the
coefficients ajj of systems(1)and (2). Designate by ¥ and v, the derivative on time of the functions v and v,
taken because of the differential equations of systems (1) and (2) respectively. The following lemma is
true.

Lemma 4.2

If for ev.iy Fe(y, 8), ¥ <0, then for every continuous t(x) satisfying conditions (4.3), ¥, < 0.

Proof

We will take an arbitrary continuous function £(x) satisfying conditions (4.3) and show that by the
hypotheses of the lemma, ¥, £ 0 at any fixed point (x;4, X0, - - ., Xno) Of the phase space: this proves the
lemma. I xy, =0, then the lemma proceeds from the fact that f(xj,} = Fxi, = 0 and from the forms ¥ and ¥,.

f(xy ) )

But let xy,# 0, and then assume F, = i
o
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From conditions (4.3) itfollows thatan F,e(y, 8), but then ¥ < 0 for x; = x;,(i = 1, 2, ..., n). Therefore,
the assertion of the lemma also results from equality f(xy,) = F %k, and from the forms v and v,.

From lemmas 4.1 and 4.2, it follows that if there exists for system (1) a Lyapunov function of type /
(4.1) for any Fe(y, 8), then for system (2) there also exists a Lyapunov function for any continuous f(x)
satisfying conditions (4.3), and this function has the form (4.2).

Further, it is clear that if it is impossible to choose for system (1) a function v of type (4.1) having a
negative derivative v for all Fe(y, 8), then also for system (2) there exists no Lyapunov function of the type

"integral of the nonlinearity plus a quadratic form of the coordinates of the phase space.”

Thus, the question of the existence and the construction for system (2) of a Lyapunov function of the
special type chosen above is seen to be a question of the existence and construction for system (1) of a

Lyapunov function of type (4.1).

Section 8

This section will investigate cases 1, 4, 5, and 7 introduced in chapter II. Assume as previously that

c=—5_, (4.6)

System (2.15) then takes on the following form:
X=y-cx—-a{x), =z -%, z=-cx - balx), (4.7)
where a(x) was introduced by equality (3.29). Function a(x) obeys the following inequalities:

In cases 1, and 4 (i.e., for 0 < b <1, a = 0),

2 50 for x#0; (4.8)

In case 5 (i.e., for b <0, a > 0),
0<f—();2<~% for x =+ 0; (4.9)

In.case 7 (i.e., for b> 1, a <0),
— 2D 0 for x#0. (4.10)
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In these cases for system (4.7), we start to look for a Lyapunov function of the type "integral of the
nonlinearity plus a quadratic form in the coordinates of the phase space.” For this case, including system
(4.7), consider the system

Xx=y-cx-Ax, y=2z-x, Z=-cx - bAx, (4.11)

where the quantity A obeys the same inequality that the expression a(x)/x depends on in the case con-
sidered.

Substitute in systems (4.7) and (4.11) the following change of variables:

X, =cX-cy+2,¥,=2-X,2Z,=Y, (4.12)
X1 — Yi+exn
x= 2+ 1

Then systems (4.7) and (4.11) will have the forms

dxy,

i = X1 — (c*+b) a.(x),
d -
S=—zt(l—b)e(x), D=y, (4.13)
and
d
ﬁ =—cx;—(c?+ b)Ax,
d d
K= — 2z, + (1—b) Ax, {t—":yl. (4.14)

For system (4.14), look for a Lyapunov function in the form

1 1 1
V=5 by X} + 5 by} g 052t + by 0y,

+ b15%12y + basy2y - —:lz—,pquz, (4.15)

where the numbers bj and p are, for the present, not defined. We require that the derivatives of this func-
tion on time, taken by virtue of the differential equations of system (4.14) for any A satisfying suitable in-
equalities, be nonpositive:

0 == — byexi — by, (€2 + b) Axx; — by 2,
+ by (1 — b) Axy; + byyy2) — bysexyyy
— by (c* 4 b) Axy, — bypxy2, + b1, (1 — by Axx,
—bygex,2; — bis (c* + b)Axzy + byzx)y; — b2}
4 byy (1 — ) Axzy + byy? +pAx (y — cx — Ax).. (4.16)
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Since ¥ must be negative definite for any A satisfying appropriate inequalities, then obviously the
function v must be neqative definite also for A = 0. From (4.16), it then follows that

b,; =0, by, = by, (4.17)
-b,c+b;=0, —b,,—b,,c=0. (4.18)

From equality (4.18), it follows that
b,,=b,;=0. (4.19)

From (4.15), (4.16), (4.17) and (4.19), we obtain

1 1 1 " 1
V=7 b Xi+ 5 buy; + o5 022 + 5 pAx? (4.20)
and

0 = — byexi—by, (¢ + b) Axx, + by, (1 — b) Axy,

b ey oy b 2 — (@ 1) A,

(4.21)
From the conditions of the cases considered, it is seen that ¢ > 0. Therefore, following from (4.21), it must
be true that b,, > 0. For b,, = 0 and a sufficiently small |A|, function ¥, as it is not difficult to prove, is the
sign variable; consequently, it must be true that b, > 0. Since function v is of interest to us only to within
a positive constant multiplying factor, then it can be taken that b,, = 1. Then the function ¥ can be written

in the form

0 =—cx?— [(c2+ b) + c.fil] Axx,

+~[b22 (1—08)+ Ca"fr 1] Axy, -+ T_%le — pA%x (4.22)

For x, = 0, the coefficients for Ax must be proportional to x since in the opposite case for small A, function

v will change sign. Therefore,

pc?
b:zc(l—b)-{—1+cg ='—1+C:’. :

Thus, we obtain:

by = — —t—e (4.23)
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Substituting the found value of b,, into ¥ and changing x, — y, + ¢z, to (c¢? + 1)x, we obtain
V= —cx?— [(c’ + b) + %] Axx, + £ Ax? —pAixt, (4.24)
The condition for negativeness of the last function consists of
—pA 4 peA® > % [(cf +b6) -+ %]Z A (4.25)
Consider now case 7; i.e., the case when b > 1, a < 0. According to (4.10), in this case
—F<A<O. (4.26)
Cancelling A in inequality (4.25) for A <0, we obtain
—p 4 peA <%[(e2+b)+%]zA. (4.27)

Inequality (4.27) is strictly fulfilled for A = 0 and for any g > 0. Therefore, if we choose p > 0, then
inequality (4.27) will be fulfilled for sufficiently small |A|. We now seek to choose p > 0 such that for
A = - ¢/b inequality (4.27) will also be fulfilled. If such a p is found, then inequality (4.27) will be ful-
filled for any A satisfying inequality (4.26) since in (4.27) A enters linearly. Thus, assuming in (4.27) that
A = - ¢/b, we obtain

b+ 2 c 2u.(c2 4 b) [
< —5 [(C?‘I‘b)g'i"*“g‘——""ﬁ]

or

L [(c2+b)—cﬂ]3 > 0. (4.28)

Since ¢ > 0 and b > 0, the preceding inequality must be fulfilled only for the following condition:
p=cf{c®+b). (4.29)

It is obvious that y chosen in this way is positive, and, as a result, inequality (4.27) for such p is fulfilled
for any Ae(- c/b, 0), as is not difficult to see in the strict sense. Then for any x and x, satisfying inequality
x7 + x?> 0 and for any Ae(— c/b, 0), we see that v < 0.

Thus, in case 7 for system (2.15) there exists a Lyapunov function of the type

X
1 1 246 1 2+ b ’
=X+t gyTVitg =T a+ e+ b)j.oc(x)dx,
0
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where the variables x,, y,, and z, come from formula (4.12). Derivative ¥, of function v, on time, taken by
virtue of the differential equations of system (2.15), will be negative definite as a consequence of lemma
(4.2). From the proof of lemma (4.2) it follows that ¥, <0 for x*+ x> 0. Now it is easy to prove the fol-

lowing assertion.

Theorem 4.1

In case 7 for b > 1, a <0, the null solution of system (2.15) is globally stable for any function f(x)
satisfying the generalized Hurwitz conditions of (2.16) and (2.26).

Proof

We will prove first that function v, of equality (4.30) is positive definite. This is certainly not diffi-
cult to achieve with the assistance of Sylvester’s criterion and lemma 4.1. However, we will take advantage
of another way. Suppose that at a certain point p £ (0, 0, 0) of the phase space, v,{p) < 0. From the type of
the function v,, it follows that x(p) # 0. But then, as proven above, ¥,(p) < 0. Consequently, for all t > 0 on
path &(p, t) of system (2.15), the result is v; < 0. But then path ¢(p, t) cannot intersect plane x = 0 since
on this plane, v, > 0. Moreover, ¢(p, t) cannot go to the origin since v,{0, 0, 0) = 0. Thus we obtain a con-
tradiction with theorem 3.1. This contradiction proves that function v, is positive definite. Thus, as a con-
sequence of the fact that v £ 0, the null solution of system {2.15) in the case investigated is stable in the

sense of Lyapunov.

We prove now that all the conditions of theorem 1.1 are fulfilled. For the hyperplane L figuring in con-
dition 3 of this theorem, choose x = 0; then because of theorem 3.1, condition 3a will be fulfilled. Instead
of function v figuring in condition 3b of theorem 1.1, we take the function

* 1 1 ¢2+8b 1 e2+b6
7112'01(0, v, 2’):7(2’——032)2—{— 2 b__]'yd'*‘—z_ b__—]_—z-:

i.e., that function from the substitution of x = 0 into v,. Condition 3b of theorem 1.1 will be fulfilled in this
case. As mentioned above, x # 0 for ¥; < 0. But from the reasoning in section 3, it follows that any path
@{p, t) of system (2.15) in which p # (0, 0, 0) will intersect plane x = 0 only at isolated points. Therefore,
it follows that the last condition of theorem 1.1 in our case is also fulfilled, and a reference to this theorem

thus completes the proof.

Consider now case 5 for b < 0, a > 0. According to (4.9), in this case there is necessarily fulfilled the

inequality
0<A<—7. (4.31)

Dividing inequality (4.25) by A > 0, we obtain

—ptpcA > %[(cz + by + g—]” A. (4.32)
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In the case considered, inequality (4.32) is fulfilled for sufficiently small A if p <0. Therefore, it is re-
quired to find a p < 0 such that for A = — ¢/b, inequality (4.32) would be fulfilled. In (4.32), instead of A,
we substitute — ¢/b; then we obtain

24+ b o o Qu{c24- by |, p2
s PO

or
— 5|40~ <o. (4.33)

Since in the case considered, ¢ > 0, and b < 0, then the last inequality can be fulfilled only for the con-
dition

p =clc®+b). (4.34)

Thus, if ¢*+ b < 0, then for any x and x,, satisfying the inequality x*+ x> 0, and for any Ae(0, — ¢/b),
it results that ¥ < 0. If ¢* + b > 0, then there exists no such a p for which ¥ would be nonpositive for any
Ae(0, — ¢/b). But if ¢®* + b = 0, then it must follow from inequality (4.32) that p = 0, and the function v de-

1

generates into v = zx2

2

Theorem 4.2

If the conditions of case 5 are fulfilled (i.e., if b< 0, a > 0) and if in addition c® + b < 0, then the null
solution of system (2.15) is globally stable for any function f(x) satisfying the generalized Hurwitz condi-
tions (2.24).

The proof of this theorem coincides with the proof of theorem 4.1. For this, just as in the proof of
theorem 4.1, it is necessary to use function v, defined in equality (4.30) and theorem 1.1.

Consider now cases 1 and 4; i.e., the cases when 0 £b <1, a > 0. According to (4.8) in these cases
we will have

A>0. (4.35)
Dividing inequality (4.25) by A > 0, we obtain inequality (4.32). Inequality (4.32) is fulfilled for sufficiently
small A only for the condition that p < 0; on the other hand, for y < 0 this inequality cannot be fulfilled for
sufficiently large A. Therefore, in the case considered, inequality {4.32) can be fulfilled neither for all

A > 0 nor for every real p.

Thus, from the reasoning shown, it tollows that for system (2.15) in cases 1 and 4 (i.e., for 0<b <1,
a > 0) and in case 5 for c*+ b > 0 (i.e., in the case when b <0, a > 0 and c? + b > 0) it is impossible to find
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a positive function of the type “integral of the nonlinearity plus a quadratic form in the sought after vari-
ables,” which would have a negative derivative on time for any f(x) satisfying the generalized Hurwitz con-

ditions.

Section 9

Theorem 4.3
If the conditions of case 3 are fulfilled, i.e., if a > 0, b < 0, and if besides these
c?+b=0, (4.36)

then the null solution of system (2.15) is globally stable for any f(x) satisfying the generalized Hurwitz
conditions (2.24).

Proof

As was shown above in the case considered, system (2.15), by the substitution of variables (4.12), is
brought into form (4.13). For this case, in consequence of condition (4.36), the first equation of this system
is not dependent on the other two. Therefore, along all solutions of system (2.15) in the case considered,

there is fulfilled the equality
x, =x,.e (4.37)

where x,, is the value of x, for t = 0 on the solution considered. From formula (4.37) it follows that any
solution of system (2.15), even if having one point in the plane x, = 0, remains in this plane also for all t,

for which this solution is defined.
We will prove that any solution lying in plane x, = 0 goes to the origin for t - + «. The behavior of
these solutions on plane x, = 0 as follows from (4.12), (4.13) and (4.36) is described by the following system

of two differential equations:

dz

d 0] —_
b 24 +c-)a(i?—ﬂy;-), =y (4.38)

Into the functions considered, we introduce the coordinates of the phase space

=gui+ gzt —e(+e) a(ndx (4.39)
.0
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The derivative of this function is equal to
v =(1 + e3x, — x + ca(x)la(x) (4.40)

by virtue of the differential equations of system (4.13), as is easily verified. But for those solutions of
system (2.15) which lie wholly on surface x, = 0, from (4.40) we have

¥ = (1 + c)calx) - xla(x). (4.41)

We will prove that theorem 1.3 of N. P. Yerugin's work (ref. 3) is applicable to the solutions lying in
plane x, = 0. Indeed, as mentioned above, the origin is unique and asymptotically stable in the
sense of Lyapunov as an equilibrium point. Consider the straight line {x, = 0, x = 0} pcxssing through the
origin. This line, following from the reasoning of section 3, contacts the field of direction of system (2.15)
only at the point x =y = z = 0. Therefore, if the solution of system (2.15) lying on plane x, = 0 has a
bounded polar angle for t > 0, then for sufficiently large t it does not intersect the line {x, = 0, x = 0} and,
consequently, plane x = 0. But then from theorem 3.1, this solution goes to the point (0, 0, 0) for t » +
and, consequently, is bounded for t > 0. Further, since the origin is a unique equilibrium point of system
{2.15), any periodic motion lying on plane x, = 0 must enclose the origin and, accordingly must intersect
line {x, = 0, x = 0}. However, from the generalized Hurwitz conditions (4.9), from (4.36) and from (4.41), it
follows that for x # 0, ¥ < 0 on those solutions which lie on the plane x, = 0. Thus, on the plane x, = 0, we
will find in the conditions of theorem 1.3 of the work of Yerugin (ref. 3), and by virtue of this theorem, that
any solution lying on the plane x, = 0 goes to the origin for t » + co.

We will also prove that all the remaining solutions of system (2.15) possess this quality. Consider an
arbitrary trajectory ¢(p, t) of system (2.15). If path &(p, t) does not intersect plane x = 0 for t > T, where T
is sufficiently large, then from theorem 3.1 we see that this path goes to the origin for t - «. Suppose,
therefore, that there exists an infinite sequence of intersection points of the path ¢(p, t) with the plane
x=0.

Lett=0,t=t, t=t, ... be instants of the intersection of path ¢(p, t) with plane x = 0. For this we
will suppose that 0 <t, <t, <... and that for te(ty, tx.,), ¢(p, t) lies in one of the half-spaces x > 0 or
x <0; i.e., suppose that 0, t,, t,, ... are a sequence of points of intersection of path ¢(p, t} with plane
x = 0.

We will prove that
12 )1< (14 2+ D) VTG @ &) (4.42)

for telty, ti+,], where function v is defined by equality (4.39). For definiteness, we will suppose that for
te(tk, txy,), @(p, t) lies in the half-space x > 0; i.e., suppose that y(¢p(p, tx)) 2 0, and if z{¢(p, tx)) <0, then
y(é(p, tk)) > 0. Consider first that case when z(¢(p, ti)) < 0. As seen from lemma 3.1, path &(p, t) for in-
creasing time intersects surface y — f(x) = 0 for t = 7, € (ty, tk4,). On the time interval telty, 7], y along path
¢(p, t) decreases; consequently, y(¢(p, r,)) < y(&(p, ti)). Therefore, from (3.29), (4.9) and (4.36) it follows
that
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x (¢ wu))< %y (¢, =) < —lc y (P, 1)) . (4.43)°

As was shown for the proof of lemma 3.1, path &(p, t) intersecis the surface y — {(x) = 0 only at one time on
interval t, <t <ty.,, and consequently x(¢(p, t)) has on the time interval tp <t <y, , the greatest value at
t = 7,. Hence, also from (4.43), it follows that for telt), ty,] there is fulfilled the inequality

x(2 (0, ) <Ly (o (p, 1)) (4.49)

Since from the definition of v, y(¢(p, tk)) < v 2v(¢(p, t)), then (4.42) also follows from (4.44).

We go now to the case when z(¢{p, t}) > 0. In this case, since it follows from the proof of lemma 3.3,
path ¢&(p, t) for t = 7, e(ty, tyy,) intersects plane z — x = 0, and thereupon for t = r,el7,, t)y,) surface y — £(x) =
0 and crosses over into domain {y — f(x) < 0} (so that 7, is understood to be the first instant after t = 7, of the
existence of an intersection of ¢(p, t) with the surface y — f(x) = 0). We will prove that for tety, r,] on path
¢(p, t) there is fulfilled the inequality

y<(24c+ D) VG 7). (4.45)
Indeed, if for all telty, 7,), the inequality

y<(14e+2)VEnEm Wy, (4.46)

is fulfilled, then (4.45) also follows. But if inequality (4.46) is violated on the interval [ty, 7,), then be-

cause it is fulfilled for t = ty, a t*¢(ty, 7,) must exist such that
: 1\ o
y(e(, )= (1 +ec+ —c—) V2u (2 (p, 1) (4.47)

As is easily seen from the proof of lemma 3.3, y(¢(p, t)) increases for telty, r,]; therefore, for te(t*, r,)

we will have
yle (2 ) >(1 +e+ -z)V% G 1) (4.48)

Since for te(ty, txy,), with increasing time, z decreases along path ¢(p, t), there is fulfilled the relation

%o (p, ) = 2 (9 (2 7)) < 2(0 (s 1)) < VIO s 2a))- (4.49)

From equalities (3.7) and (3.29), from the GHC (4:9), from the conditions of (4.36) of the theorem
proved, and from (4.48), the inequality
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dy z
dx 1 S 1 '
C (1t ) VGG — (o4 )

is fulfilled for te(t*, 7,) on path &(p, t). Therefore, from (4.49) it also follows that
dy
75 < 1.

By integrating this inequality along path ¢(p, t) for t* <t < 7, and using equality (4.47) and inequality
(4.49), we obtain (4.45). Since &(p, t) intersects plane z — x = 0 only at one time on the time interval t, <
t <7,, then y(o(p, t)) on this interval has the greatest value for t = 7,, and consequently inequality (4.45) is
fulfilled for telty, 7,). Since y = f(x) = cx + a(x) because t = r, on trajectory ¢(p, t), then from inequality
(4.45) and condition (4.9) it follows that

2 1 S
x(e(p, ) < (1 + <+ EZ_) V20 (o (p, ). (4.50)
We will show that for te[ty, ti,,] the inequality

x(g(p, t) < x(g(p, 7)) (4.51)

is fulfilled. Indeed, if for te(r,, tyy,) on &(p, t) it results that y < {(x), then inequality (4.50) follows imme-
diately because x along path ¢(p, t) decreases for te(r,, ty,,). Now let t = 7,(r,, tx,,) be the first instant
after 7, of the existence of an intersection of path ¢(p, t) with the surface y — f(x) = O; then x along ¢(p, t)\
decreases on the interval 7, <t < r,, and, therefore, x(r,) < x(7,) on ¢(p, t). Since x increases along path
¢(p, t) on interval [ty, 7,], then a t*e(ty, 7,) is found such that

x(eb(p, t*)) = x(p(p, 75)).

Moreover, on interval t <t <7, we have y 2 f(x) on path &(p, t); consequently,

y{é(p, t*)) 2 y(ob(p, 74)). (4.52)

Further, since z(¢(p, t)} decreases with passing time for telty, ti4,], then

z(p(p, t*)) > z((p, 75)). (4.53)
Now let re(r;, tyy,) be the first instant of time after 7, of the intersection of path ¢(p, t) with the sur-
face y — f(x) = 0. Use lemma 3.9 on the two segments of path ¢{p, t) for te(t*, r,) and for te(r,, r,). From this

lemma and inequalities (4.52) and (4.53), it follows that for the same x, y on ¢(p, t) for te(t*, 7,) is larger
than for te(r,, r,); thus,

x(é(p, 7)) < x((p, 7,)).
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Repeating this reasoning a sufficient number of times, we will also prove inequality (4.51). And from in-
equalities (4.50) and (4.51), inequality (4.42) results.

Returning now to equality (4.40), we see that from the Hurwitz conditions (4.9) and from condition
(4.36) of the theorem proved, it follows that

du 14 ¢
7 <——lxalixl (4.54)
Proceeding also from inequality (4.42),

@ (14 2+ 5) VIR G D)

on trajectory ¢{p, t) for telty, tyy,). We assume

[4

1 2 2 1 5
[ 30 1S (1+;+c—2)1/2==‘”-
Accordingly, from the preceding inequality and from (4.37) we obtain
dv — N
a7 <eVule(p. ty) e (4.55)

on ¢(p, t) for telty, tiy ]

Investigate now the differential equation

S AL (4.56)

Let V(t) be any solution of this equation for which

V(0) > v(e(p, 0)). (4.57)
We will then prove that for all t 2 0 there is fulfilled the inequality

V(t) > via(p, t)- (4.58)
Indeed, for t = 0, this inequality becomes (4.57). For tel0, t,] the inequality given proceeds from (4.55) and
(4.56) and from the fact that V(t)increases for increasing time t. Analogously, the truth of this inequality is

proved for all tety, ty4,). Thus, inequality (4.58) is true for any t 2 0 in all cases for which solutions V(t)
and ¢(p, t) of equatior'x (4.56) and system (2.15) are defined. But equation (4.56) is easily integrated. We

have:
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2V V(@ =2V V(0) 4 wc(l —e=). (4.59)
Due to (4.59) there must exist a number K, for which
V(t) <K (4.60)
for all t 2 0. From (4.58) and (4.60) there follows inequality
vigp, t)) <K (4.61)
forall t 2 0.

From the definition of function v in equality (4.39), it follows that the sequence of points ¢(p, ty) is
bounded. Thus, following from the theorem on the continuation of solutions (refs. 27, 28), the sequence ty
is unbounded (i.e., the solutions ¢(p, t) of system (2.15) are continued on the entire positive semiaxis t).
But if the sequence of points ¢(p, ty) is bounded, path ¢(p, t) has an w-limit point q by virtue of the
Bolzano-Weirstrasse theorem. Since for t » o, x, » 0 along all solutions of system (2.15), as follows from
equality (4.37), then the point q lies in the plane x, = 0. However, as proven earlier, ¢(q, t) goes to the
origin for t > + . As we will prove below, the null solution of system (2.15) is Lyapunov stable and, con-
sequently, &(p, t) also goes to the origin for t » + c.

We will now prove that the null solution of system (2.15) is stable in the sense of Lyapunov. Take the
point of the phase space with the coordinates x,, yo, zo %] <€ |yol <¢, and |z, <e. Let T > 0 be the first

instant after t = O of the intersection of the path ¢(p, t) with the plane x = 0; if none such exists, then T =
+ oo, Just as above, it is easy to substantiate that

2 .1
1< (14§ )
on path ¢(p, t) for te(0, T). Yet, from the preceding reasoning, it is clear that for all t > O the inequality
wc —en
v(e(p, NS V(L) <3+ 5 (1—e ).

occurs. But then, from the definition of w it follows that

v(g(p, t)) < Q%
where () is some constant.

Proceeding from the last inequality, as in the gbove, the inequality
= 2 , 1
|2 <V2(1+ 24 })ee
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is fulfilled for all t > 0 on path ¢(p, t). But from the form of function v, x follows:

1 9 1 1 5
5 (z—x)+ —2—_;'2— 3(1 + ¢%) x?

X
+ (14 ¢% j(lc X—a (x)) dx < Q%2
0
Therefore, from c* — ¢y + z = x, we obtain

-;—xlz—{—xl ley — (1 ’—l—cz)x] —i—% (2 1) (y — cx)* < R%2

However, since |x,| < |x,,| for all t > 0, we obtain

|Y| <Qx\/f—: IZI <Qx\/_€':

from the last inequality; (), is some constant. The inequalities obtained thus prove that the null solution of

system (2.15) is stable in the sense of Lyapunov. The theorem is proved.

Section 10

In this section we investigate cases 3 and 6 introduced in chapter II; i.e., the cases when a <0, 0 <

b < 1. The following theorem occurs.

Theorem 4.4

If the conditions of cases 3 and 6 are fulfilled (i.e., if a <0 and 0 <b £ 1) then the null solution of
system (2.15) is globally stable for any nonlinear function f(x) satisfying the GHC (2.22) and (2.25).

Proof

For the proof of the theorem we will show that, in the cases considered, all the conditions of theorem
1.1 are fulfilled. As mentioned above, condition 1 of this theorem is fulfilled. For hyperplane L, figuring in
condition 3, theorem 1.1, we choose a plane x = 0; then condition 3a will be fulfilled due to theorem 3.1.

Instead of function v appearing in the condition of theorem 1.1, we will take the function

V= gyt o2 (4.62)



Condition 3b of theorem 1.1 will be fulfilled in this case. Thus, we have only to prove that condition 3¢ of
theorem 1.1 in the cases considered is also fulfilled, which we will now show.

Assume that
f(x)=—Fx+a(x), (4.63)
then according to the GHC (2.22) and (2.25), function a(x) must satisfy the following conditions
a(0) = 0, xa(x) > 0 for x £ 0. (4.64)
System (2.15) in the designation (4.63) takes the form

dx

B eyt Lx—a(x), L=z—x, 2 ba(x). (4.65)

dt at—

The following function of the coordinates of the phase space is introduced for consideration:

o 11—b 1 2
i = "2“y' + 77— 22 + —2“ (Z - JC)‘. (4.66)

The time derivative of this function, taken because of the differential equations of system (4.65), as is
easily verified, is equal to

0 o= — Z.x(z__x)_.(l — b) xa(x). (4.67)

We now investigate the arbitrary trajectory ¢(p, t) of system (2.15), of which initial point p lies in
plane x = 0. For definiteness, we will say that point p lies in half space y 2 0 of plane x = 0. In this case,
if z(p) £ 0, we will then say that y(p) > 0. Assume that there exists a T > 0 for which point ¢(p, T) lies in
plane x = 0. For this we will say that T is the first instant of time after t = O of the intersection of phth
¢é(p, t) with plane x = 0; i.e., for te(0, T) on ¢(p, t), x > O results.

Our theorem will be proved if we verify that on path ¢(p, t)
v(0) > v(T). (4.68)
Now we will prove inequality (4.68).
Assume at first that z(p) £ 0. Since we see that x > 0 for te(0, T) on path ¢(p, t), then it follows from

the third equation of system (4.65) that z < 0 for te(0, T). Therefore, proceeding from equation (4.67), func-
tion u on the time interval 0 < t < T decreases with increasing time along path ¢(p, t).
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Consequently, we have
u(p) > u{é(p, T))- (4.69)
Since function u becomes v for x = 0, inequality (4.68) is proved in the case z(p) < 0.

Return now to the case when z(p) > 0. We begin moving along path ¢(p, t) from point ¢(p, T) in the
direction of decreasing time. If z(¢(p, T)) > 0, then for t < T and sufficiently close to T, y along (p, t) de-
creases together with time. Since y(p) 2 0 by assumption, then path ¢(p, t) for decreasing time from t = T
intersects plane z — x = 0 for t = 7, < T and goes into domain {z — x < 0}. In this domain, y along ¢(p, t) in-
creases with decreasing time. For the following decrease of time, path ¢(p, t) intersects either surface
y—£(x)=0, plane z ~x =0, or curve y — f(x) =0, z — x = 0. In this case path ¢(p, t) can intersect plane
z — x = 0 at times following after t = r, (in the direction of decreasing time t) only for y > 0, as was proved

in section 3.

If path ¢(p, t) for t < r, intersects first the surface y — f(x) = 0, then we designate the instant of inter-
section of ¢(p, t) with y — f(x) = O by r,; thus it is cledr that r, <7,. For further decreased time from r,, path
¢(p, t) intersects plane z — x = 0 for t = r, <7,. If path &(p, t) first intersects plane z — x = 0 or curve
y - f(x) =0, z - x = 0, then this instant of intersection will be designated as 7, so that the instant of time 7,
is not defined in this case. If y(r,) > {(x(r;)) on path &(p, t), then for further decreased time path ¢(p, t) in-

tersects either surface y — f(x} =0 fort=7,<r;or planex =0 fort =7, = 0.

When z(a(p, T)) <0, the behavior of path ¢(p, t) for decreased time from t = T is the same as in the
case z(o(p, T)) > 0, except that the instant of time t = 7, is not defined since for t < T and sufficiently
close to T, path ¢(p, t) is not found inside domain {z — x < 0}, as it is not difficult to see. As in the case
z(é(p, T)) > 0, we will designate, by 7,, 7, 7,, the instants of intersection of path ¢(p, t} with surface y ~
f(x) = 0, with plane z — x = 0 and again with the surface y - {(x) = O (or with plane x = O and then r, = 0).

The first instant after t = 0 of the intersection of the path @(p, t) with plane z — x = 0 is designated as
t;- We will show that

x(é(p, t))) 2 x(g(p, 75)) (4.70)
and

z(g(p, t,)) 2 z(&(p, 75)). (4.71)
In that case when 7, = 0, relations (4.70) and (4.71) follow immediately because here the instants of time t,
and 7, coincide. Suppose now that t, < r,. Since z along ¢{p, t) for tf0, T] decreases with increasing time,
inequality (4.71) is fulfilled in the strict sense. Proceeding from the definitions of the instants of time t,
and 7,, in this case inequality (4.70) is also fulfilled and, moreover, in the strict sense.

On the interval of time 0 <t <t, along ¢(p, t), x varies monotonically and continuously; therefore, one

and only one ®,[0, t,] exists for which
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x(p(p, 9,)) = x(o(p, 75))- (4.72)

We will prove that

v(p(p, ©,)) 2 y(b(p, 73)). (4.73)

When 7, = 0, relation (4.73) follows because instants t,, r, and ®, coincide. But lett, <r,. Consider first
the case when y(r,} < f(x(r,)) on ¢(p, t). As was proved for lemma 3.3, the inequality y — {(x) > 0, from which
{4.73) also proceeds, is fulfilled on path ¢(p, t) for te(0, t,). Now let y(r,) > £(x(7,)) on path &(p, t). In this
case, the instant of time 7, is defined. Since from the condition t, <7, it is clear that t, < 7,, and, conse-
quently, x(7,) > 0 on &(p, t). From the definition of the instant r,, we havey(r,) = f(x(r,}) on path &(p, t).
Following from the same definition of the moment of time r7,, the inequality

x(7,) < x(7,) (4.74)
is fulfilled on path ¢(p, t).

From inequalities (4.70) and (4.74), it follows that a ®,¢(0, t,} exists for which

x(p(p, ©,)) = x(b(p, 7)) (4.75)

Since z{¢(p, t)) decreases with increasing time for te(0, T), it is clear that

z((p, B,)) > z(d(p, 7). (4.76)

Moreover, y > f(x) on path ¢(p, t) onthe interval of time 0 <t < t,; therefore, from the definition of the in-
stants r, and ©,, it follows that

v(é(p. ©,)) 2 y(g(p, 7,)). (4.77)

Now we apply lemma 3.9 to the intervals ®, <t <@,and r, <t <7, on path &(p, t), from which inequality
(4.73) proceeds.

We will investigate x, z and u on path ¢(p, t) as functions of the y component. To avoid the ambiguity
arising for this case, the functions x, z and u will be given the following indexes: on interval 0 <t <t,, the
index 1; on interval r, <t <7, the index 2 (if the instant 7, is not defined; i.e., if z{(¢(p, T)) £ 0, then index
2 is used for the interval 7, <t < T); and on the interval 7, <t < T, the index 3. Since y along &(p, t) varies
monotonically onthe respective intervals, the uniqueness will be completely restored in this way.

We will now prove the inequality
u,(y(p)) > u,(0). (4.78)

Consider first the case when y(p) 2 y(é(p, 7,)). Because z decreases along ¢(p, t) with the passing of time
for tel0, T1, it follows from inequality y(p) > y(é(p, 7,)) and from the form of the function u that

u(p) > u(é(p, 75))- (4.79)
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For te(r,, 7,) on path ¢(p, t), z - x < 0; thus, following from (4.67), function u decreases along ¢(p, t) for
te(r,, 7,). It is easily seen that y(é(p, ,)) < 0; therefore, (4.78) follows from (4.79).

Assume now that y(p) < y(&(p, 7;)). From inequality (4.73) it follows that the inequality
x,(y(r5)) < x,(y(7,)). (4.80)
is fulfilled on ¢&(p, t). We will prove that the inequality
x,(y) < x,(y) (4.81)
is fulfilled for y(p) <y < y(é(p, 7,)). Since x along path &{p, t) increases with increasing time for y > f(x),
inequality (4.81) can be violated only for the condition that y < f(x). Suppose that for y = y*, inequality
(4.80) is violated. Since x, and x, are continuous functions of y, we can then say

x,(y*) = x,(y*). (4.82)

However, we saw above that y* > {(x,) and, on the other hand, y* < f(x,). This contradicts equality (4.82):

the contradiction obtained proves inequality (4.81).

Divide equality (4.67) by the third equation of system (2.15), thus obtaining

— %=1 xa(n). (4.83)

duy - disy (4.84)

for y(p) <y <y(é(p, 7,)). Note now that from inequality (4.80), from the fact that z along &(p, t) decreases
for tl0, T] and from the form of function u, consequently

ux(Y(Ta) 2 uz(y(ra))- (4.85)
By integrating inequality (4.84) from y(¢(p, 7,)) to y(p) and then using inequality (4.85), we obtain

u,(y(p)) > u,(y(p)). (4.86)

When y{p) = O, inequality (4.78) results. But if y(p) > 0, then it is clear that u,(y) decreases along with y for
0 <y < y(p); therefore, (4.78) follows from (4.86).

If z(ep(p, T)) £0 (i.e., if the instant of time r, is not defined) then on the interval of time 7, <t < T,
function u along path ¢(p, t) decreases with increasing time, as follows from equality (4.67). Therefore,
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u{d(p, T}) < u,(0). (4.87)

Hence, from (4.78) it follows that

u(p) > u(e(p, T)), (4.88)
and (4.68) proceeds from this inequality.

Suppose now that z(¢(p, T)) > 0; in the case investigated, the instant 7, is defined. We will prove that
in this case

uy(y(T)) = u(ep(p, T)) < u,(0). (4.89)

Indeed, x decreases for y <0 and x 2 0 along path ¢(p, t); therefore, we can write

x5(y) < x,(y) (4.90)

for all y, except y(¢(p, 7,)), for which x,(y) = x,(y). From inequality (4.90) and from equality (4.83) it fol-
lows that

dtiy

for y(¢(p, 7,)) <y <y(p(p, T)). Integrating inequality (4.91) from y(¢(p, r,)) to y(¢(p, T)), we obtain
u(y(T)) = u(T) <u,(y(T)) (4.92)

on path ¢(p, t). Since z ~ x < 0 for te[r,, 7,] on &(p, t), then function u decreases along &(p, t) on this inter-
val. Therefore, from (4.92) we see that

u(ep(p, T)) < u,(0). (4.93)
Thus, (4.88) and also (4.68) follow from (4.78).

Now we will prove that the null solution of system (2.15) is stable in the sense of Lyapunov in the
case investigated. We take an arbitrary ¢ > 0 for which a 8¢(0, ¢) is found such that |f(x)| < ¢ for |x| < 8.

Consider the arbitrary point p with coordinates x,, Yo 2z, max {|x.|, |yo|, |zo|} < §; for definiteness as-
sume that x,> 0. Let T > 0 be the first instant of time after t = 0 of the intersection of path ¢(p, t) with
plane x = 0. (It certainly can happen that ¢(p, t) for t > 0 will not intersect plane x = 0; then we will as-
sume T = + ~. We will investigate path ¢(p, t) for te(0, T). Since z decreases for te(0, T) along &(p, t), it
is clear that z < § on the interval of path ¢(p, t) considered. The y component on ¢(p, t) increases for

z — x > 0; consequently, it can increase only for x < §. Therefore, from equality% = yz_——f(}_:{)_' it follows

that dy/dx <1 for y 2 2¢. Integrating this inequality, we obtain the result that y < 3¢ on the segment
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considered. But the minimum of the ordinate, as mentioned above, lies on the plane z — x = 0. Thus, from
the decreasing of function u along ¢&(p, t) for z — x < 0 it follows that y > —4e¢ for te(0, T). From the same
considerations, it is easy to conclude that z > —4e for te(0, T). Since x decreases along ¢(p, t) for y < f(x),

then x < max{s, — 37&} follows from equality (4.64). In this way we proved that on the segment of path

¢(p, t) considered, the inequality
| 3t
max {[x], |y], [z]} < max {——-Es, 4e

is fulfilled. Consequently, from inequality (4.68) we see that the null solution of system (2.15) is Lyapunov
stable. Thus, all the conditions of theorem 1.1 in the case considered are fulfilled, which also proves the

theorem.

Section 11

In section 8 we established that for system (2.15) in cases 1 and 4 for 0<b < 1, a > 0 and in case 5
for c2+ b > 0 (i.e., in the case when b <0, a > 0, c*+ b > 0), it is impossible to find a positive function of
the type “integral of the nonlinearity plus a quadratic form of the sought after functions” which would have a
negative time derivative for any f(x) satisfying the GHC. In this section we give two conditions sufficient

for the global stability of the null solution of system (2.15).

Theorem 4.5

Assume that the following conditions are fulfilled: a>0,0Sb<1l,0ora>0,b<0,c*+b>0. Assume

moreover that for any real x # 0 the inequality
0 < xa(x)< %x’ (4.94)

is fulfilled, where c is given by formula (3.29). Then the null solution of system (2.15) is globally stable.

Proof

For the proof, we will introduce for consideration the following functions of the coordinates of the

phase space:

X

1 1c2Lb 1e2db y

v=laplatbye, 1ot zf—c(c*—{—b)ya(x)dx, (4.95)
0




where the variables x,, y,, and z, are related to the variables x, y and z by formula {4.12). The time deriva-
tive of function v by virtue of the differential equations of system (2.15) is equal to

v = — ex? + c(c? + b)a*x) - (c? + b)xalx). (4.96)

It is easy to ascertain that function v is positive definite and infinitely large (ref. 29). From inequality
(4.94) it follows that the derivative ¥ of the function v on time is nonpositive. The derivative ¥ can become
zero only on the plane x, = 0. It is immediately clear from the differential equations of system (2.15) that a
positive semitrajectory of system (2.15) can never lie entirely on plane x, = 0. Therefore, we come to the
conditions of theorem 4 in reference 29. Consulting this theorem thus completes the proof.

Theorem 4.6
Assume that the conditions of cases 1, 4 or 5 are fulfilled; i.e., that inequalities a >0, 0<b < 1, or
a >0, b <0 are fulfilled. Assume further that the GHC (4.8) or (4.9), depending on the numbers a and b, are

fulfilled. Beyond that, assume that the function a(x) is differentiable for all real x and there is fulfilled the

inequality

— >0 (4.97)

for all real x. Then the null solution of system (2.15) is globally stable.

Proof

Consider the following function:

U= p(z—X) 45y — (1 — b) ya(x) + ¢ (1 — b) xa(x)

+ 51— b)ar(n) —c(1=b) (a(ndx. (4.98)
0

Because of the differential equations of system (2.15), the time derivative of this function is equal to
¥ =- (1 -Dbla’(x{y - £(x))* (4.99)

Now we will prove that the conditions of theorem 1.1 are fulfilled in the case considered. Indeed, condi-
tions 1 and 2 of this theorem are cbviously fulfilled. For the hyperplane L figuring in condition 3 of theorem
1.1, we choose plane x = 0; then, as follows from theorem 3.1, condition 3a will also be fulfilled. For the
function v figuring in condition 3b of theorem 1.1, choose function y? + z?% as follows from relations (4.98)
and (4.99), all the rest of the conditions of theorem 1.1 will also be fulfilled. Consequently, the theorem is
proved.
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Section 12

In this and in the following sections of the present chapter, we will consider system (2.8) for the con-
dition d # 0, and we will formulate some sufficient conditions for the global stability of this system’s null

solution. As before, we designate by A and B the real roots of the equation

do’+ (c -~ b)w —a=0, (4.100)

so that

A= —(c— b +vV (c— b ¥ dad
- 2d ’

= {c—b)—y (c—b)*+ 4ad
B= 57 . (4.101)

First consider cases 9, 10 and 20, for which the GHC has the single form (2.29). Instead of f(x) we in-

troduce the new nonlinear function y{x) by the formula

y(x) = f(x) ~ Bx. (4.102)

Then the GHC in our cases is of the following form:
— 2 _B<™ 0 jar x0. (4.103)

System (2.8) is then rewritten in the form

Z—f =y—Bx —1(x); g{- =z —cx —dBx — dy(x);
Z—f‘: —ax — bBx — by(x). (4.104)

For system (4.104) with condition (4.103) we try to find a Lyapunov function in the form “integral of the non-
linearity plus a quadratic form in the sought after functions.” For this we will make use of the method pre-
sented in section 7. With system (4.104), consider the following linear system of equations with constant

coefiicients:
dx Ay e ol
g7 =Yy —Bx—Tx;>=z—cx—dBx—alx
dz
= = —ax — bBx — bl'x, (4.105)
where constant I" obeys the inequality
—F—B<I<O. (4.106)
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Assume
k?=c + dB. (4.107)
“rom inequality (2.43), which is true in the cases considered, it follows that k®> 0 in these cases.
Substitute in systems (4.104) and (4.105) the following change of variables:

X, =B%—~By+2z;, yy=2z—Fx; z,=Fhy,

B
X3-— -
L aatga (4.108)
I

Then systems (4.104) and (4.105) go into the forms

dat

DAz, + (k— )1 (x), (4.109)

@=_3xl_(32—d3+b)‘((x),‘

d
= by, — ARy (%),

and

% = — Bx; — (B*—dB -} b)I'x,
‘%l:_kzlJr(k‘l——b)I‘x, (4.110)
d y

For system (4.110) we will find a Lyapunov function of the form

1 1 1
v=.—2b11x§+7b22y%+—5 by 22+ byp ¥y, -+ by3 X424

+ by ¥y 2.+ —;pl‘x?, (4.111)
where the numbers b;; and p are not defined for the present. We will require that the time derivative of this
function taken by virtue of the differential equations of system (4.110) be nonpositive for any I', thus sat-

isfying inequality (4.106):

V= —bBx2— by, (B2 — dB+ b) Txx, — by, ky12,
by (k2 — 0) Ty, -+ bysky 2y — bydk Uxzy — by:Bxy vy
— b,y (B*—dB 4 b)Txy, — b kxz, + by (B> — b)Txx,
— b;,Bx,2; — b,3(B? — dB + b) Txz; + bgkx,y, — bygdkTxx,
— bygkz? 4 by (R — b)Txzy 4 bygky? — byydklxy,
+ eTx(y — Bx—TYx). (4.112)
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Since ¥ must be negative for any I' satisfying inequality (4.106), it obviously must be negative definite for

I" = 0. Consequently, from the last equality it must be that

bzs =0, b= bsa, }

— byB + bk =0, — byk—b,,B=0. (4.113)
From the last equalities, it also follows that
b, =b,;=0. (4.114)
We call b,, = b, = v. From equalities (4.111}), (4.112), (4.113) and (4.114) we obtain
v = %buxf R 5 bTx? (4.115)
and
v = — b,,Bx?— by, (B*— dB + v) T'xx,
4+ v (kR — b)T'xy, —vdkTxz; + pTx (y — Bx — I'x). (4.116)

In the following, the case will be of particular interest when k®# b. From (4.116), it follows that in
this case b,, # 0 since for b,, = 0 function V is of indefinite sign, as is easily seen. In addition, from in-
equality (2.29) it follows that B > 0; therefore, it must be that b,, > 0. Since function v is of interest only to

within a factor of a positive constant, it can be assumed that b,, = 1. Then functions v and v are rewritten

in the form
1 5 1 1 .. 1 o 4.117
V=5 Xj 7vyf—}—5vz;-}—7pI‘;u, ( )
v=— Bx} — (B> —dB -+ b)Txx; +v(£*— ) I'xy,
—vdkTxz, +pTx (% — Bx.— I"x) (4.118)

For x, = 0, the coefficient for I'x in function ¥ must be proportional to x, since in the opposite case, for small

[T'|, ¥ will have a sign. Therefore,

% v(b—k)=—vdk -} % .
Thus, we obtain
u = v(bB — Bk* + dk?). {4.119)
Substituting the value of y found into (4.118), we obtain
=—Bx?— (B*—dB+b)Txx;, +v(E*—b)Txy +
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4 ¥BC=E) Tiz  vB(bB — Bk + dE)Tx*
— v(Bb — Bk 4 dE?) 22,

Here, substituting x, ~ y, + Ele for (B? + k?)x, we acquire

B = — B3+ v (#* — b) — (B* — dB +b)] Txx,
+ [v(b — E?) (B? + k%) — vB (bB — BE> + dk*)] T'x®
— v (Bb — BE* 4 dk?) 24

or

0= — Bx?+ [v(k*— b) — (B* — dB + b)] Txx,
VB2 (b — Rk — dB) Tx* — v (Bb — Bk - dk?) T2x2. (4.120)

The condition for nonpositivity of the last function consists of the fulfillment of the inequality

— 4BvE* (b — k* — dB)T -+ 4By (Bb — BE? + dk*) T
' > [v(k*—b) — (B> — dB -} b)]*I'™. (4.121)

Utilizing this condition we will prove the following theorem.

Theorem 4.7

If the conditions of case 10 are fulfilled, i.e., ifd <0, b> 0, and b > — % > max {A, 0}, then the null

solution of system (2.8) is globally stable for any nonlinear function f{x) satisfying the GHC (2.29).
Proof
From the conditions of the theorem we see that a < 0. But then
b-k*>0. (4.122)
Indeed, from (4.107) and (4.109) it follows that
Bb - Bk*=Bb - cB - dB*= - a. (4.123)

And, consequently (4.122) derives from a <0, and B > 0. Proceeding from (4.122) and condition d < 0, in-
equality (4.121) is fulfilled for any v > 0 and sufficiently small in absolute value negative I". Therefore, if

we find a v > 0 such that inequality (4.121) is fulfilled for I" = - % — B, then this inequality will be fulfilled

for such v for all I" satisfying inequality (4.106). Note that from (4.123) there follows
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_%_Bz_é@ (4.124)

Now, substituting — Bk%/b for I" in inequality (4.121), after dividing by B?k*/b? we obtain

4bv (b — k2 — dB) + 4Bv(Bb — BR* + dF?)
> [v(k? — b) — (B* — dB'+ b)]?

or

4v(b - k?)(B?- dB + b) 2 [v(k* - b) — (B* - dB + b)]2 (4.125)

and therefore we obtain

[v(k?- b) + (B2~ dB + b)]2<0. (4.126)
The last inequality can be fulfilled if, and only if,

2
v B bjli;r’z. (4.127)

From (4.122) and from the conditions of the theorem, consequently, the v chosen in this way is positive.

Yet, as mentioned above, inequality (4.121) is fulfilled for all I'e[- % — B, 0] and, moreover, in the strict

sense. Thus, from the proof of lemma 4.2, it follows that the derivative on time of the function

1 1 B2—dB b 1 B2—dB+b
w=gXt g T _m ity e A
+(bB~B/e2+dk2)§f-b—§%j 1 (x) dx (4.128)

0

taken by virtue of the differential equations of system (4.109), is nonpositive and can reduce to zero only on
the straight line x, = x = 0. Therefore, in the same way used to prove theorem 4.1, we see that the null
solution of system (2.8) in the case considered is globally stable for any f(x) satisfying the GHC (2.29).

The theorem is proved.

Theorem 4.8

If the conditions of case 9 are fulfilled (i.e., f d <0, b >0, and B > - % = A = 0), then the null solu-

tion of system (2.8) is globally stable for any nonlinearity satisfying the GHC (2.28).

Proof

In the case considered, A. P. Tuzov (ref. 12) constructed for system (2.8) a Lyapunov function which,

in our designations, has the form
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X
v= 3y gAtar | (dx
: ’ 0

Then its derivative on time, taken because of the differential equations of system (2.8) as is easily verified,
is equal to
v = — dk*(x)}(Bx + y(x)).

In consequence of the GHC (4.103), v is positive definite, and ¥ is negative definite; in addition, ¥ goes to
zero only for x = 0.

However, in the case given it is clear that all the conditions of theorem 1.1 are fulfilled if the plane
x = 0 is taken for the hyperplane L figuring in the conditions of this theorem, and if the function 0.5y +
0.5z is chosen for x = 0 instead of the function v. Thus the theorem is proved.

Theorem 4.9

If the conditions of case 20 are fulfilled, i.e., ifd >0, b>0and B > — % > 0, then the null solution of

system (2.8) is globally stable for any nonlinear function f(x) satisfying the GHC (2.39).
Proof
In the case considered, we will prove first that there takes place the inequality
b -dB> 0. (4.129)

By hypothesis, we have

e ETERL e
or
b+/(c - b)*+ 4ad < 2ad - b(c - b). (4.130)

Squaring inequality (4.130) and collecting similar terms, we obtain

4a%d? — 4abcd > 0.

However, from condition — % > 0 it follows that a < 0, and that is why ad < be. But then from (4.130) we find
that b+ ¢ > 0.
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We see further that

b—dB— b+c+)/(c2—jb)3+4ad B

and thus inequality (4.129) results.

Immediately proceeding from the relations (4.101) and (4.102),

b-k?*~dB=b-c-2dB=+/(c—-b)?+4ad > 0. (4.131)

Assume first that

{(c - b}*+ 4ad > 0. (4.132)

Then from (4.131) it results that inequality (4.121) is fulfilled for sufficiently small in absolute value nega-
tive I', if only v > 0. In the hypotheses of the theorem being proved, it is easy to see that relations (4.122)
and (4.124) take place. But then from inequality (4.129) it follows that the right side of equality (4.127) is

positive. It is known that inequality (4.121) is fulfilled for all I'e{- % — B, 0} and, moreover, in the strict

sense.

Consequently, the function v defined by equality (4.128) is a Lyapunov function for system (2.8) and
for the case considered. Therefore, as for the proof of theorem 4.7, it is easy to see that the null solution

of system (2.8) is globally stable.
Assume now that (c — b)? + 4ad = 0. Then from equality (4.131) we obtain

b-k*-dB=0. (4.133)
Thus, in the case considered it follows that inequality (4.121) takes on the form

4By (Bb — BE* -+ di?) > v (k* — b)? + (B — dB + b)?
— 9B (kB — dk* — bB)

or

[v(k*>~b) + (B*~dB + b)]*< 0. (4.134)

Therefore, as above, it results that function v, defined by equality (4.128) is a Lyapunov function for system
(2.8) and in the considered case. The derivative of this function on time due to system (2.8) as follows from

inequalities (4.120) and (4.133) is equal to
v, = - Bx?- 2(B* - dB + b)x,y(x) — v{Bb — Bk? + dk?¥)y?*(x).
Hence, from equalities {4.134) and (4.127), it is easy to see that

Gy = — 5 |Bx, 4+ (B — dB + b) 1 ()] (4.135)
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In consequence of the last equality, v goes to zero only on the surface
Bx, + (B*- dB + b)y(x) = 0. (4.136)

Consider the path ¢(p, t) of system (2.8) beginning at point p # (0, 0, 0) which lies on the plane x = 0.
Let T > O be the first instant after t = O of the intersection of path &(p, t) with plane x = 0. We will prove
that

v(é(p, T)) < v,(p). (4.137)

Inequality (4.137) cannot be fulfilled only when path ¢(p, t) for all te(0, T) lies on surface (4.136). But then
it is obviously necessary that

x,(p) = x,(¢(p, T)) = 0. (4.138)

-,

From the first equation of system (4.109) we have in this case

T
x1(9 (p, T))= (B~ dB-+b) e " [ 1 (x)e™at. (4.139)

0

But on the interval of time 0 <t < T, x on path ¢(p, t) keeps the same sign by definition of the instant of
time T. And, at the same time, y(x) on path ¢(p, t) for te(0, T) keeps the same sign as a consequence of the
GHC (4.103). In addition, from equality (4.139) it follows that x (é(p, T))} # 0. This proves that equality
(4.137) is fulfilled.

Proceeding from this inequality, in the case given, all conditions of theorem 1.1 are fulfilled if for
hyperplane L., the plane x = 0 is chosen and for the function v, the function v, defined by equality (4.128) is
taken for x = 0. Thus, the theorem is proved.

Section 13

In this paragraph we consider system (2.8} in the conditions of cases 8, 11-14, 16, 18, 21 and 22. In
all of these cases, the lower limit of the varying quantity f(x)/x for x # O giving the GHC, is equal to A.
Instead of £(x), introduce in these cases a new nonlinear function y(x) by the formula

y(x) = f(x) — Ax. (4.140)

System (2.8) then takes on the following form:

dx dy

=y —Ax—1(x); F=z—cx— dAx — dy(x);
"’i_; = —ax — bAx — by (x). (4.141)
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For system (4.141) we will, as earlier, look for a Lyapunov function in the form "Integral of the non-
linearity plus a quadratic form of the coordinates of the phase space.” Forthis case, in addition to system

(4.141), consider the linear system with constant coefficients,

dx Ldy o .
7= —Ax—Tx; Z=z—"cx dAx —dl'x;
Z—f_=—ax —.bAx — DT x, (4.142)

where the constant I" obeys the same inequality as that of the quaritity y(x)/x in the corresponding GHC.

Assume

k%= c + dA. (4.143.)

From the conditions of the cases considered and from inequalities (2.42) and (2.43), it results that k*> 0 in

these cases.
In systems (4.141) and (4.142) we place the following change of variables:

x, =A% — Ay +2z; vy, =2 — kx; 2z, = ky;

x1—y1+ —% 2.
X = —&mTE (4.144)
Then systems (4.141) and (4.142) are rewritten in the forms
T Ax,— (AP — dA+ b) 7 (x); P = — kg + (B — D) 1(x);
d.
21 = by, — dkq(x) (4.145)
and
L Axy— (A —dA+ b)) Tt = — bz, + (K — b) Tx;
d
‘7;’71= ky,—dkTx. (4.148)

For system (4.146) we seek a Lyapunov function in the form (4.111). Changing B into A in the corresponding

relations of the preceding paragraph, we will prove that for the condition

k?-b#0 (4.147)
the function v must have the form
1 1 1 1 \ 9 9
V= Xi-+ 5+ Vet 5 (bA — AR® Y dR*)TX2 (4.148)
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And its time derivative taken because of the differential equations of system (4.146) is equal to

v=— Ax?+ [v(k* — b) — (A — dA + b)ITxx,
4 vE? (b — k* — dA)Tx* — vy (AB — AR? -+ dE*) k2 (4.149)

When k? — b = 0, function v can also have the form (4.148); however, it might not contain the term x2 We
ascertain that for such cases there can be realized the equality k* - b =0,

B—b=cdA—b— TV €T F AT (4.150)

Thus, it is clear that inequality (4.147) can be violated only for the condition that a = 0 since d # 0 in the
cases just considered. But, as an immediate investigation will show, a can go to zero only in the condi-
tions of cases 16 and 18. Thus, in the remaining cases of the section considered, function v and its deriva-

tive must have the forms (4.148) and (4.149).

The condition for the nonpositivity of function (4.149) occurs in the fulfillment of the following in-
equality:

— 4AVE? (b — k> — dA) T + 4Av (Ab — AR® + di*) T
> [v(k* — b) — (A2 — dA -+ b)]°T*. (4.151)

Using this condition, we will prove several theorems on the global stability of the null solution of
system (2.8).

Theorem 4.10

If the conditions of case 14 are fulfilled (i.e., if d <0, b <0, 0<A <% < B) and if in addition A% -

Ad + b <0, then the null solution of system (2.8) is globally stable for any nonlinearity f(x) satisfying the
GHC (2.33).

Proof
In the case considered, the GHC for function y(x) is written in the form
o< 2 _ 4 (4.152)

From equality (4.143) we obtain

b-k*-dA=b~c-dA -dA.
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And from this and (4.101) we find
b-k*-dA=-y{c-Db)*+4ad <0. (4.153)

Proceeding from the last inequality, condition (4.151) is fulfilled for any sufficiently small positive I" if

v > 0. Therefore, if we choose v > 0 such that inequality (4.151) is fulfilled when I" = - % — A, then for

such v, inequality (4.151) will be fulfilled for all I'¢{0, - % — A] and, moreover, in the strict sense. From

the definition of the numbers A and k? we see that

A= AR (4.154)

By substituting— Ak?/b for I into the inequality (4.151), and then by dividing by A%*/b? we obtain

4bv (b — k> — dA) + 4 A (AD — AR - di?)
> (k2 —b) — (A* —dA + )]

or

4y(b - k*)(A*-dA + b) 2 [v(k? - b) - (A* - dA + b)]~ (4.155)

Therefore, we obtain

[v(k*-b) + (A*-dA + b)]*< 0. (4.156)
The last inequality can be fulfilled if, and only if,

A2 —dA -+ b

B (4.157)

From the hypotheses of the theorem it follows that the number v thus chosen is positive. However, as

mentioned above, for such v, inequality (4.151) is fulfilled for all I'¢{0, - % — A | and, moreover, in the strict

sense. Consequently, from the proof of lemma 4.2, the time derivative of the function

1 1 A2~ dA b 1 A2—dA -+ b
w=gMt g T Nty Tow A
- (bA — Al + dE?) ﬁ%;&’lj 1 (x) dx (4.158)

taken because of the system of equations (4.145) with the condition (4.152) is nonpositive and can go to

zero only on the line x, = x = 0. This also concludes the proof of the theorem.
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Theorem 4.11

If the conditions of case 21 are fulfilled (i.e., if d >0, b =0, A > 0) and if, moreover, A — d <0, then
the null solution of system (2.8) is globally stable for any function f(x) satisfying the GHC (2.40).
Proof

The GHC (2.40) can be written as

950, (4.159)

From the conditions of case 21, it follows that inequality (4.151) is fulfilled for sufficiently small
positive I" only if v > 0. For this inequality to be fulfilled for all positive I", it is necessary and sufficient
that there be fulfilled the inequality

4Ak%(d — A) 2 [vk* + A(d - A)]?

or

[vk? - A(d - A))2<0. (4.160)

The last inequality can also be fulfilled there only in the case when
v=a%T4 (4.161)

From the hypotheses of the theorem, consequently, the v chosen in this way is positive. But then in-
equality (4.151) is fulfilled for all I" > 0 and, moreover, in the strict sense. Thus, it follows that the time
derivative of the function

i 1 ,d—A 1 ,d-—A
?’1:7"(?—{‘7‘4 &2 y?+“2'A"'~'23
X

i
+A@— Ay ¢ (x)dx (4.162)
0
is nonpositive and can go to zero only for x = x; = 0. And this proves the theorem.

Now we will consider case 22.

Theorem 4.12

If the conditions of 22 are fulfilled i.e.,ifd>0,b<0,0<A< —% and if besides that A? - Ad +

b < 0, then the null solution of system (2.8) is globally stable for any nonlinear function f(x) satisfying the
GHC (2.41).

The proof of this theorem is analogous to the proof of theorem 4.10.
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Theorem 4.13

If the conditions of case 16 are fulfilled (i.e., ifd >0, b > 0, A > max {0, — a/b} and if Ab — Ak?+
dk? > 0) then the null solution of system (2.8) is globally stable for any function f(x) satisfying the GHC

(2.35).

Proof

The GHC in the case considered has the form (4.159).

Assume first that

(c —=b)?+ 4ad = 0. (4.163)

In this case, we have A = B, and the proof of our theorem’s assertion coincides with that part of the

proof of theorem 4.9 devoted to the case when equality (4.163) is fulfilled.

Now let

(c ~ b)?+ 4ad > 0. (4.164)
Proceeding from inequality (4.164) and relation (4.153), inequality (4.151) is fulfilled for any sufficiently
small positive I', if only v > 0. We will look for a positive v such that inequality {4.151) is fulfilled also for

sufficiently large I'; then, as is easily seen, it will be fulfilled for all I" > 0.

We will prove first that from inequality

A*~Ad+bZ0 (4.165)

there follows the inequality

Ab - Ak?+ dk?> 0. (4.166)

Multiplying (4.165) by k* > 0, we obtain
— A”k? 4 dAk? 2 bk>
Adding A?b to both sides of inequality (4.166), we obtain
A?b - A%k?*+ dAk*2> (A*+ k?)b > 0.

And this proves (4.166).
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Suppose that inequality (4.165) is fulfilled in the strict sense. Further, let there be fulfilled the in-
equality

k*-b<0. (4.167)
Assume in this case that

A2—Ad + b
y="220k0 50, (4.168)

then inequality (4.151) will be fulfilled for all I" > 0 and, moreover, in the strict sense.
Let there be true the equality
k*-b=0. (4.169)
In this case, inequality (4.151) is fulfilled for all I" > 0, if only v is positive and sufficiently great.
Suppose now that
k?-b> 0. (4.170)
We will prove that the following inequality is true:
A’b - A%k*+ Adk®*> (b - k*)(A%—~ dA + b). (4.171)

Indeed, if the right side of inequality (4.171) is expanded and the common terms cancelled, we obtain the in-

equality
b(b - Ad - k? <0,

which proceeds from relation (4.153) and condition (4.164). Following from inequality (4.171), if we assume
that

1 —dA+b
y=H okl , (4.172)

then inequality (4.151) will be fulfilled for all I" > 0 in the strict sense.
Suppose now that
A*-Ad+b=0. (4.173)

In this case, inequality (4.151) is also fulfilled in the strict sense for I" > 0, if only v is positive and suffi-

ciently small.
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Go now to the case when
A’—-dA +b>0. (4.174)

If inequality (4.170) is fulfilled, it is then necessary to choose v by formula (4.168), and inequality (4.151)
will be strictly fulfilled for all I' > 0. If inequality (4.167) is fulfilled, then from inequality (4.171) it fol-
lows that inequality (4.151) also will be fulfilled in the strict sense for I' > 0 if v is chosen by formula
(4.172). But if, finally, equality (4.169) is true, then as before, inequality (4.151) is fulfilled in the strict
sense for all I' > 0, only if v is sufficiently great.

Thus, if (4.164) is fulfilled, a v can always be found such that inequality (4.151) is fulfilled in the
strict sense for all ' > 0. But then, as follows from the preceding reasoning, the null solution of system
(2.8) is globally stable for any f(x) satisfying the GHC (2.35). Thus the theorem is proved.

Theorem 4.14

If the conditions of case 18 are fulfilled (i.e., ifd>0,b>0, A = - % = 0) then the null solution of sys-

tem (2.8) is globally stable for any function f(x) satisfying the GHC (2.37).

Proof

In the case ¢ £ b, the theorem was proved by A. P. Tuzov (ref. 12). Therefore, suppose that ¢ = b; for
this case, in reference 12 a Lyapunov function is constructed which in our notations has the form

0= (e — KP4 y* o+ cd [ £ (x) dx. (*)
0

The time derivative of this function taken by virtue of the differential equations of system (2.8) is equal to
¥ = — bdf¥(x).

Consequently, if plane x = 0 is taken for hyperplane L. and the function defined by equality (*) is taken for
the function v, then all the conditions of theorem 1.1 will be fulfilled. Thus the theorem is proved.

Consider now system (2.8) for the condition that A*~ Ad + b = 0. Then the following theorem is true.

Theorem 4.15
Let the conditions of either case 14, 21, or 22 be fulfilled. Moreover, let
A*’~Ad+b=0. (4.175)

Then the null solution of system (2.8) is globally stable for any function f(x) satisfying the GHC.
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Proof

From equality (4.175) it follows that the first equation of system (4.145) is not depenident on the other
two, which is why along all solutions of system (2.8) there is fulfilled the equality

X, = X, A¢, (4.176)
where x,, is the value of x, for t = 0 on the solution considered.

We introduce for consideration the following function of the coordinates of the phase space:
1 1 ¢
V=g y? + 5 2,2+ (Ab — AR - dk?) j 1 (x) dx. (4.177)
0
The time derivative of this function taken because of the differential equations of system (2.8), as is easily

verified, is equal to

v = [(k*— b) x, + k(b — k* — dA) x
— (Ab— AR* + dk*) 1 ()] 1 (%). (4.178)

We will prove that for x, = 0, ¥ £0 and ¥ can go to zero only for x = 0. We have
v !X.—0= [f2 (0 — k? — dA) x — (Ab— AR+ dR*) { (x)] ¥ (%). (4.179)

If the conditions of case 21 are fulfilled, then the proof of the assertion proceeds from (4.179) and from the
GHC (4.159).

Now let the conditions of either case 14 or 22 be fulfilled. In both of these cases, the GHC has the

form (4.152). In (4.179), substitute <— % - A>x instead of y(x). By virtue of (4.154) we have

9= [kz(b — K — dA) + (Ab — AR+ dkz)’%g] (— A—,f—) X2,

Consequently, from here and (4.175), ¥ = 0 for x, = 0 and y(x) = (— % - A>x. From (4.152) it then follows

that ¥ <0 and ¥ = 0 only for x = 0 if x, = 0.

The subsequent preof of theorem 4.15 is carried out just as in the proof of theorem 4.3, except that the

function defined by means of equality (4.177) should be considered instead of the function v given by equality
{(4.39).
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Section 14

In this section we will formulate several conditions for the global stability of the null solution of sys-
tem (2.8). The conditions these impose on f(x) are more severely restrictive than the GHC.

Theorem 4.16

Suppose that the conditions of cases 8, 11, 12 or 13 are fulfilled; suppose, moreover, that function f(x)

for all x # O satisfies the inequality

S (x) (A2 + £ (0 — &)
A< < WA T s (4.180)
then the null solution of system (2.8) is globally stable.
Proof
We will prove first that in the conditions of the cases considered there is true the inequality
A’-Ad+b>0. (4.181)

If the conditions of cases 8 or 11 are fulfilled, then inequality (4.181) is obvious. Let the conditions of
cases 12 of 13 be fulfilled; i.e., let d <0, b<0, 0<A <B <-a/b. Then it is clear that a > 0 and ¢ — b>0.

From the definition of the number B we have

==V (bt dad__

a
2d =T
or
—2ad + b(c = b) > - by/{c — b)? + 4ad. (4.182)

Thus, after squaring and eliminating, we have

ad < be. (4.183)
From (4.182) we conclude that —2ad + b(c — b) > 0. Moreover, from the conditions of the cases, it follows

that {c — b)>+ 4ad > 0. From the last two inequalities we have ¢*— b?> 0. From here and from ¢ - b > 0,

we conclude

c+b>0. (4.184)
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By the definition of A we have:
—~2Ad=c-b-+(c-Db)?+ 4ad.
From here and (4.183) and (4.184) we obtain
—-2Ad2(c-b)-+y(c-b)?’+4dbc=c—-b-c~b=-2b
or
-Ad+b20,

This last inequality thus proves (4.181). Moreover, relation {4.153) leads to k* — b > 0 in the cases con-
sidered.

From inequality (4.180) it follows that

k"(h——ki'——ﬂfi)

Y(x)
But then, proceeding from relation (4.149), the time derivative of the function
1 o 1 A2—dA+ b6,
V=g Xt 5 ey W
x
1 A2 —dA b A -— dA
+ 57 Sz 4 A Ak dl) TR (1, (4.186)

0

due to the differential equations of system (2.8), is nonpositive and can go to zero only for x, = 0. Thus the
assertion of the theorem also follows.

Theorem 4.17

Let the conditions of cases 14, 21, or 22 be fulfilled. Moreover, let inequality (4.181) and condition
(4.180) be fulfilled. Then the null solution of system (2.8) is globally stable.

Theorem 4.18

Let the conditions of case 16 be fulfilled. In addition, let the inequality Ab — Ak? + dk? <0 be true.
Then the null solution of system (2.8) is globally stable if condition (4.180) is true.

The proofs of the last two theorems coincide with the proof of theorem 4.16.
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Section 15

In this section we consider case 17 and find the conditions sufficient for the global stability of the
null solution of system (2.8). As will be proved in the end of chapter VII, we find that the conditions for

this are necessary.

From the conditions of case 17 and from the définition of the quantity A as a root of equation (4.100),

it results in this case that

c+dA=a+DbA=0.
Assume, as before, that y{x) = f(x) — Ax; then system (2.8) assumes the following form:

d d d
S=y—Ax—q(x); D =z—di(x); Z=—brx). (4.187)

The GHC (2.36) in this case is written in the form xy(x) > 0 for x # 0.

Theorem 4.19

If the conditions of case 17 are fulfilled and if function y(x) satisfies the conditions

IIT ('{ (x)+ j'{ (x) dx) =4 oo (4.188)
X+ on 0
and
lim (——-y (x)+ fx(x) a’x) = - oo, (4.189)
X —o0 8

then the null solution of system (2.8) is globally stable.

The proof of this theorem rests essentially on the following lemma.

Lemma 4.3
If the conditions of theorem 4.19 are fulfilled, then any path ¢(p, t) of system (2.8) for t 2 0, lying in

one of the half-spaces {x < 0} or {x > 0}, goes to the origin as t » + .

Proof

In the case considered, A. P. Tuzov (ref. 12) constructed a Lyapunov function which in our notations

has the form
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2|

v— x4 Eary S(x)dx, (4.190)
0

where x, = A?x — Ay + z and the quantity y is defined in the following way: p = A|A*—-dA +b|, if A2~ dA +
b # 0, and p is an arbitrary number in the interval 0 < u < 4A% if A2~ dA +b = 0.

The time derivative of function v taken because of the differential equations of system (4.187) is
equal to

v=—Ax2— [(Az—dA 4-b) +A*‘-]x,y (x) — py? (). (4.191)

In the case considered it is not difficult to see that the function v is positive definite and its derivative is

negative definite.

For definiteness, suppose that ¢(p, t) lies in the half-space x > 0 for t 2 0. According to lemma 3.1, it
is true that z > 0 on path ¢(p, t) for t 2 0 (since, in the contrary case, path ¢(p, t) would intersect with
plane x = 0 for positive values of time).

+ o
Suppose first that /;/(x)dx diverges. From relation (4.191) it is easy to conclude that the time deriva-

o
tive ¥ of the function v is a negative definite quadratic form of the quantities x, and y(x). Since it results
that x > 0 and y(x) > O on path (p, t) for all t 2 0, then ¥ <0 on ¢(p, t) for t 2 0. Therefore, on path ¢(p, t)
for t > O there is fulfilled the inequality

v < v(p), (4.192)

+eco
where v(p) is the value of function v at point p. Since, by supposition, the integral fy(x)dx diverges, in-

equality (4.192) is fulfilled only in bounded portions of the half-space x > 0. Thereofore, path ¢(p, t) is
stable in the sense of LaGrange and, consequently, has an w-limit point. Let q be the w-limit point of tra-
jectory &(p, t), and we will prove that q coincides with the origin. Indeed, suppose to the contrary that this
is not so. Note that because of the monotonicity of the variation of function v along path ¢(p, t), there is
fulfilled on this path the relation

lim v =4 (q). {4.193)

X+

We will pass through point q on path ¢(q, t) of system (2.8). Since, by supposition, q is not the origin,
a t, >0 can be found such that

v(e(q, t,)) < vi(g). (4.194)

However, trajectory ¢(q, t) is limiting for trajectory ¢(p, t), while function v is not continuous. Therefore a
t, > 0 can be found such that

)
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v(é(p, t,)) < v(q). (4.195)

The last inequality contradicts the fact that v decreases with increasing time along path ¢(p, t), and it also
contradicts relation (4.193). The contradictions obtained thus prove that point q coincides with the origin.

Since point q is any w-limit point of path ¢é(p, t), this also shows that path ¢(p, t) goes to the origin in

the case considered.

+o
Returning to the case when the integral ‘Sy(x)dx diverges, on the basis of the conditions of theorem
0

4.19, we will have

Iim y(x) =+ oo, (4.196)

X+ 4o

Return now to the function x,. The time derivative of this function, taken because of the differential

equations of system (4.187), obviously is equal to

kX, =~ Ax, — (A? - Ad + b)y(x).

Assume that

G=A?’-Ad +b, (4.197)

then

kX, =~ Bx, - Gy(x). (4.198)

Proceeding from lemma 3.3, path ¢(p, t) for t > 0 goes to the origin if it lies in domain {x > 0, y ~ Ax -
y(x) <0, z > 0}. Suppose, therefore, that point p lies in domain {x > 0, y - Ax ~ y(x) > 0, z > 0}. We will
prove that path ¢(p, t), in this case for t > 0, intersects the surface y — f(x) = 0.

Two cases are possible.

1. G20. In this case, resulting from equality (4.198), the function x, on path &(p, t) is bounded from
below since it increases for negative x,. Suppose that path ¢(p, t) does not intersect surface y = Ax + p(x).

Then for all t 2 0 on ¢(p, t) thereis fulfilled the inequality
y ~ Ax > y(x). (4.199)

However, on path ¢{p, t), z is bounded for t > 0 (since z decreases and is positive). We will prove that
x on path ¢(p, t) is not bounded. Indeed, assert to the contrary that x on (b, t) is bounded. But then, as
proved by the equality

dy z —dy (x)
dx " y—Ax—y () ' (4.200)
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y on ¢{p, t) is also bounded for all t > 0. Consequently, ¢(p, t) is stable according to LaGrange in a posi-
tive direction and thus has an w-limit point q with the coordinates x,, y, z, Since x along path &(p, t) in-
creases and z decreases with increasing time, then along ¢(p, t) there is fulfilled the relations

lim 2=2j and lim x = x, > 0. (4.201)
[ ] {40

We will pass through point q of path ¢(q, t) of system (2.8). Since x,> 0, then for t > 0 and sufficiently
small on ¢(q, t) it results that z < z,, which contradicts the fact that ¢(q, t) is a limit trajectory for ¢(p, t),
and thus contradicts relation (4.201). Therefore, x on path ¢(p, t) increases monotonically and without
bound with increasing time. But, from {4.196) and (4.199), it then follows that on path &(p, t) there is ful-
filled

lim (y — Ax) = 4 co. (4.202)

Ao o0

Since z on path &(p, t) is bounded, then from the last relation and from the definition of x, it follows that on
b(p, t) thereis fulfilled

ﬁrﬁ X = — oo,
Xt 1 (4.203)

The last relation contradicts the fact that x, on path ¢(p, t) is bounded from below for t 2 0. The contradic-
tion obtained proves that &{p, t) for t > 0 intersects surface y — Ax — y(x) = 0.

2. G> 0. Suppose in this case that path ¢(p, t) for t > 0 remains in domain {x > 0, y — Ax — y(x) > 0,
z > 0}. As in the preceding case, we will prove that x on path ¢(p, t) increases without bound with increas-
ing time and that relations (4.199) and (4.202) are also fulfilled in this case. Relation (4.203), as in the
preceding case, follows from the boundedness of z on path ¢&(p, t) and from relation (4.202).

Now let T > O be the instant of time to which the solution &(p, t} of system (2.8) is continued. Cer-
tainly it can happen that T = + «~. For the following reasoning, it does not matter whether T is a finite or
infinite number. Let E be the set of those values of time t, in the half-interval [0, T), when on path ¢(p, t)
the following inequalities are fulfilled:

x,<0, P Ax,—G1(x) <O (4.204)

From relation (4.203), it follows that x, on path ¢(p, t) is not bounded below for t 2 0; therefore, on
path &(p, t) it must be true that

dx,
j_d_tldtzfdxl = — oo, (4.205)
E -E

Dividing the third equation of the system by equality (4.198), we obtain

dz _ —by(x)
FrR Py T (4.206)
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On set E along path ¢(p, t) there will be fulfilled the inequality

dz

b
5> G- (4.207)
Since dx,/dt is negative on set E, from the last inequality we obtain
dz _ b dx
<G (4.208)
This inequality is true on the set E; integrating it on this set, we obtain
dz <l (a
2 < 'G— Xi.
E E
And thus, from here we obtain
Sdz = — oo, (4.209)
E
Since dz/dt on path ¢(p, t) is negative for t 2 0, from the last inequality we obtain
T
[de=— e (4.210)

0

The last relation contradicts the fact that z is bounded on path ¢(p, t} for t 2 0. The contradiction obtained
thus proves that path ¢(p, t) intersects the surface y — Ax — y(x) =0 fort = t, > 0.

We will prove now that path ¢(p, t) goes to the origin. Let point p have coordinates x,, y, z,, Assume
that

m=omax v (x)+ Ax]. (4.211)

LI KAy

We introduce for consideration point q with coordinate x = x:
Y=Yo+2a+m, z =2,
where
a = max {3mb, 3z2, 3xZ 1} (4.212)

We will prove that path ¢(g, t) for t < 0 intersects plane x = 0. For this we will prove that on the interval
0 < x < x, on ¢(q, t) there is fulfilled the inequality

y>a+m (4.213)
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Suppose to the contrary that this is not so; i.e., suppose that there exists a r < 0 such that on path ¢(q, t) it
results that

05x(r)<x, y(r)=a+m (4.214)
and
x(7) < x £ x4, y(r) < y(t) for te(r, 0). (4.215)
Following from equality :TZ = —_-_’?{J—_(_X—_Z—(E, in this case for te[r, 0] on path ¢(q, t) there is fulfilled
dz —bm — bm
S y—m >

Integrating this inequality, we obtain

bmx,

z2(v)<zp+ . (4.216)
Since z decreases with increasing time on the interval 7 <t < 0 along ¢(q, t), then from (4.200) because of
(4.216) we see that

bmxy
dy Zo+ — (4.217)

dx a

on path ¢(q, t) for telr, 0.
Integrating the last inequality we obtain

Zyxo bm xg

y()>yo+ 20+ m— a P>

Thus, from (4.212) we have
yir)>yo+a+m>a+m,
which contradicts equality (4.214).
Therefore, path ¢(q, t) intersects plane x = 0 for t = tq <0, and for teltg, 0] on it, there results
y > Ax + y(x). (4.218)
In exactly the same way as for path ¢(p, t), we will prove that path ¢(q, t) intersects the surface
y-Ax—yx)=0fort=Tq>0.
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Let {q be the abscissa of point ¢(q, Tq). From lemma 3.9 it follows that abscissa ¢, is a point on
&(p, t,) (the point of intersection between the path ¢(p, t) and the surface y — Ax — y(x) = 0) smaller than
{q- If path ¢(p, t) for t > t, remains in domain {x>0,y - Ax - ¥(x) £0, z > 0}, then from lemma 3.3, it goes
‘to the origin. Suppose that path ¢(p, t) for t = t, > t, intersects surface y — Ax — y(x) = 0 and goes into
domain {x>0, y - Ax—y(x)>0,z>0}. Let{,bethe abscissa of point ¢(p, t,}. However, z montonically de-
creases alongpath &(p, t); therefore, z(¢(p, t,)) <z, Consequently, if {, < x, then, by applying lemma 3.9
to paths ¢(p, t) and ¢(q, t), we will prove that path ¢(p, t) intersects surface y - Ax — y(x) =Ofort =t, > t,
and for this it is true that

¢, = x(e(p, t5)) < Lq. (4.219)

But if £, > x,, then, since z decreases along path ¢(p, t}, we can apply the same lemma to the two seg-
ments of path &(p, t) (i.e., to segment td0, t,] and to segment t > t,), and prove that path ¢(p, t) intersects
surface y — Ax — y(x) = O for t = t, > t, and that inequality (4.219) is fulfilled.

From the preceding it is clear that there is only one of two possibilities: either path ¢(p, t) for suffi-
ciently large t lies in domain {x > 0, y — Ax — ¥(x) <0, z > 0} and then, according to lemma 3.3, it goes to the
origin; or there exists a sequence t,, t,, t; ... » + o of the instants of intersection of path &(p, t) with sur-

face y — Ax — y(x) = 0. For this we see that
x(eplp, t)) = {k < {q- (4.220)

From inequality (4.220) it follows that the abscissa of point ¢(p, tx) is bounded. Since this point lies on
the surface y — Ax — y{x) = 0, from the boundedness of the abscissa and from the continuity +ylx), it fol-
lows that the y component of point ¢{p, ty) is also bounded. As mentioned above, z is boundeu for t >0 on
path &(p, t). Therefore, the sequence of points &(p, ti) is bounded and, in addition, has a limit point r.

We will prove that r coincides with point x = y = z = 0. Suppose to the contrary that this is not so. We
pass through point r on path ¢(r, t) of system (2.8). This path will be a limit for ¢(p, t) and, consequently,
will lie wholly in domain {x > 0, z 2 0}. But if point r does not coincide with the origin, then it is easy to
see that for sufficiently small t > 0, z will decrease with increasing time on (r, t). However, z decreases

monotonically along path ¢(p, t); therefore,

IETwz((? (p, 1)) ==z(r). (4.221)

This last relation contradicts the fact that z(4(r, t)) decreases with increasing time and that ¢(r, t) is an
w-limit trajectory for ¢(p, t). The contradiction obtained proves that point r coincides with the origin. As
is easily seen, the origin establishes itself as a Lyapunov stable equilibrium position of system (2.8).
Therefore, path ¢(p, t) has a Lyapunov stable equilibrium position for its w-limit points and, moreover, goes

to this equilibrium position as t » + «. Thus the lemma is proved.

For the proof of theorem 4.19, we note that the conditions of this theorem and also all the conditions of
theorem 1.1 are fulfilled. Indeed, conditions 1 and 2 of this theorem are obviously fulfilled. For the hyper-
plane L figuring in condition 3 of the theorem, we select the plane x = 0; then, as follows from lemma 4.3,
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condition 3a will be fulfilled. For the function v figuring in condition 3b of the theorem, we select function
v introduced by equality (4.190). On plane x = 0, this function becomes a positive definite quadratic form of
coordinates y and z, and thus condition 3b of the theorem is also fulfilled. The fulfillment of condition 3¢
follows from equality (4.191) and from the preceding reasoning.

Therefore, all the conditions of theorem 1.1 are fulfilled, and theorem 4.19 is also proved.

79



Chapter V. ON THE BOUNDEDNESS OF SOLUTIONS

In this chapter we consider cases 1, 4 and 5; i.e., those cases in which there is no success in estab-
lishing the global stability of the solutions of system (2.15) for any nonlinear f(x) satisfying the GHC.
Throughout the complete chapter we will suppose that function f(x) is continuously differentiable for all redl

x and that there exist numbers ¢ > 0 and x, > 0 such that
a'(x) = £'(x) - ¢ > e for |x| 2 x,. (5.1)

For this assumption we will prove several theorems relating to the behavior of the solutions of system
(2.15).

Section 16

Introducing the following notation, we assume that
D = ~ min a'(x) for |x| < x,. (5.2)

In the following we will suppose that D 2 0, or in the opposite case the conditions of theorem 4.6

would prevail.

Designate further that

xl == loero + 2x0, (5'3)

x, = 10x,, (5.4)

m = max |f(x) + x| for |x| <x,, {5.5)

__200m? (5.6)
R=20

We will prove the following lemma.
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L.emma 5.1

Suppose that inequalities a > 0 and b < 1 are fulfilled. Suppose further that condition {5.1) is fulfilled.
Let point p lie in domain {0 £ x < x,, z 2 - x,, y 2 {(x)}; moreover, let

v(p) 2 1R, (5.7)
where v is the function of the coordinates of the phase space introduced in equality (4.98).
Then path ¢(p, t) of system (2.15) intersects plane x = x, for t = t, > 0 (by t, is meant the first instant
of time after t = O of the intersection of ¢(p, t) with plane x = x,). And on path ¢(p, t) are fulfilled the re-
lations

y > f(x) for te[0, t,], (5.8)

v(¢(p, 0)) = v(p) > v(e(p, t,)). (5.9)

Proof

For the proof of this lemma we will consider only path ¢(p, t) of system (2.15). In connection with
this, we will sometimes consider different functions of the coordinates of the phase space simply as func-
tions of time. As an example, v(t) is the value of function v at point ¢(p, t). For the proof of this lemma,

we will look at two different cases:

y(p) y(»)
I. Z()] >1, 1L Z(0) < 1.

First we will consider case I. Because of inequality (5.7), the form of function v in equality (4.98), the
GHC (4.8) and (4.9), and designation (3.29), it is easy to verify the inequality

y(p) > 100 m. (5.10)
From inequality (5.10) it follows that for sufficiently small t > 0, there is fulfilled the inequality
y(t) > £(x(t)). (5.11)

From the f{irst equation of system (2.15) we see that x increases for such t along &(p, t). We will now prove
that, until x < x, on ¢(p, t), on this path there is fulfilled the inequality

y > 0.9y(p). (5.12)
From inequality (5.10) and designation (5.5), it follows that inequality (5.12) also involves inequality (5.11).

Accordingly, if we establish the truth of inequality (5.12), then, at the same time, we will prove that ¢(p, t)
intersects plane x = x, for t = t, and also relation (5.8).
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We will thus prove inequality (5.12). If z{(p) > x(p) and if path ¢&(p, t) does not intersect plane z -~ x =0
until the intersection with plane x = x,, then inequality (5.12) follows immediately because y increases for
z — x > 0 along all motions of system (2.15). Now suppose that z(p) — x(p) < 0 or that z(p) — x(p) > 0, but

that path ¢(p, t) intersects plane z — x = 0 before the intersection with plane x = x,.

We will prove inequality (5.12) by contradiction. Suppose that a t* > 0 exists such that
y(t*) = 0.9y(p), (5.13)
x(t*) < x, (5.14)

and that inequality (5.12) is fulfilled for t0, t*); i.e., that t* is the first point at which inequality (5.12) is

violated. Return to the equality
{5.15)

_d_z ___cx-{-lza (x)
dx — y—/f(x) °

From this equality and inequalities {5.10) and {5.12) it follows that on path &(p, t) for tel0, t*) thereis ful-

filled the inequality

But, by hypothesis of the cases considered, b < 1; therefore, cx + ba(x) < cx + a(x) = f(x). Thus from the

preceding inequality, we see that
dz 1
a‘ > - '§g‘ . (5.16)

Integrating the last inequality along path ¢(p, t) from 0 to t*, by virtue of (5.14) we obtain

. 1
z(0) —z (%) < g % (5.17)
Consider now equality (3.7). Because of this equality, inequalities (5.12) and (5.17) and because
z(p) = z(0) 2 — x,, there results
Xg + .L X+ Xy

dy . 89 177 > . -l_

ax = 89m 20 °
Integrating this inequality along ¢(p, t) on interval 0 <t < t*, we obtain

(5.18)

1
y () —y ) < 55 %1

82



Since x, < m, the last inequality contradicts equality (5.13). The contradiction obtained thus proves in-
equality (5.12).

We will now prove inequality (5.9). We have
.rLd Xy d x.d
v * du v
v (t) — v (0)= S e dx= 5 %9 dx +j’a7dx.
Xo

x (p) x (p)

Thus, from (4.99) we see that

X,

v(h)—v(0)=--(1—b) [« () (—f0))dx

V)]

—(1 —b) 5‘(“(/ Oy —f(x)dx. (5.19)

x(p)

Evaluate the integral standing on the right of this equality. To do so, first evaluate y(t) on interval 0 <
t <t,. From equation (3.7), we obtain

Since z decreases with increasing time along path &(p, t) for t0, t,], and since inequality (5.12) is fulfilled
for tel0, t,] on ¢(p, t), then from the last inequality and from the condition of case I it follows that

dy
d_; < Q.
Integrating this inequality and using inequality (5.10), we obtain

y{t) < 2y(p) for t0, t 1.

Taking this inequality into account, we can write

{"e (9 (v — (N dx> — 2Dy (p) x, (5.20)

x(p)
Moreover, from inequalities (5.10) and (5.12) we obtain

fo @0 —rend>Fo 0 —x.

Yo
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Thus, from (5.3) we conclude that

f'a', (x) (v — f(x)) dx > 5Dy (p) x,. (5.21)

Xo

From inequalities (5.19)—(5.21), we obtain inequality (5.9).

We consider now case II. As in case I, it is easy to establish the inequality

10" m2
-

z(p)>— (5.22)

In this case we will show that path ¢(p, t) first intersects plane x = x, and then plane z — x = 0. Obvi-

ously, this will be proved by the existence of instant t, and inequality (5.8).
Contrary to our assertion, suppose that there exists a t* > 0 such that
z(t*) — x(t*) = 0, (5.23)
x(t*) < x,, (5.24)
and for tl0, t*) there is fulfilled the inequality
z(t) — x(t) > 0. (5.25)

Thus, t* is the first instant after t = 0 of the violation of inequality (5.25); inequality (5.25) for t = 0 is ful-
filled as proceeds from (5.22). In consequence of equalities (5.23) and (5.22), there exists a t**¢(0, t*) such

that

z{0) - z(t**) = m. (5.26)
Return to equality
dy == z—x
dz x4 ba(x)” (5.27)

From equalities (5.26) and (5.27) and from inequality (5.22), it follows that on path ¢(p, t) for te(0, t**) there
is fulfilled the inequality

dy

7 < — 100.

Integrating this inequality along path ¢(p, t) from t = 0 to t = t**, because of (5.26) we obtain

y(t**) > 100m. (5.28)
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Since inequality (5.25) is fulfilled on interval t** <t < t*, then on this interval, y(i) increases, and, conse-
quently, from the last inequality we obtain

y(t) > 100m for te[t**, t*]. (5.29)

From equality (5.15) and inequality (5.29) we conclude that on path ¢(p, t) for tt**, t*] there is fulfilled
the inequality

dz 1

dx ~ 99 °

By integrating this inequality along path ¢(p, t) for t** <t <t* and by using (5.24), we obtain

2(£%%) = 2(1*) < g5 X1.

Therefore, from (5.26) we obtain

z(0)—z(t*)<m —l—ngx;-

The last inequality contradicts equality (5.23) and inequalities (5.22) and (5.24). The contradiction ob-
tained thus proves that path ¢(p, t), in the case considered, first intersects plane x = x, and then plane
z —x=0.

We introduce the following notations. As earlier, let t, and t, be the instants of intersection of ¢(p, t)
with planes x = x, and x = x, respectively, and let t = t' be the instant of intersection of ¢(p, t) with plane
x = 2%, Obviously, 0 £t,<t' <t,. For tft’, t,], we will prove that there is fulfilled the inequality

y(t) > 10m. {5.30)

Indeed, if there exists a t**¢[0, t'] such that equality (5.26) is fulfilled for t = t**, then, as earlier, we will
prove inequality (5.28). From it, also, {5.30) will follow since y(t) for tel0, t,} increases along with time.
But if there exists no such t**, then for t[0, t'] the following inequality is true:

z(0) - z(t) < m. (5.31)

In this case, we will prove inequality (5.30) by contradiction. Suppose that for te{0, t'] the following
inequality is fulfilled:
y(t) £ 10m. (5.32)
Then, from equality (3.7) and inequalities (5.22) and (5.31), there results
100 72
Bd;y > —yfo— ,
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and thus, from (5.32) it follows that

dy m
oy > 102

on path ¢(p, t} for te[0, t']. Integrating the last inequality along ¢(p, t) from t = 0 to t = t’, we obtain
y(t’') — y(0) > 10m.

Since, by hypothesis, y(0) 2 0, the last inequality contradicts inequality (5.32). The contradiction obtained
thus proves inequality (5.30).

Now we will prove inequality (5.9}). To do this, we return to equality (5.19). Evaluate the integral
standing on the right of this equality

[@@0—f)de>—Dy)x, (5.33)
x(»

since y(t) increases for td 0, tl];
{&(0) (= £ dx > e (#) — m) (3, — 2x,).

Xo

Therefore, from (5.30) and (5.3) it follows that

['o () (v — £ () dx > 5Dy (') .. (5.30)

Xo

The relation (5.9) also proceeds from (5.19), (5.33) and (5.34). Thus, the lemma is proved.

Lemma 5.2

Let inequalities a > 0 and b < 1 be fulfilled. Moreover, let condition (5.1) be fulfilled. Suppose that

point p lies in one of the domains {0 Sx <x, 220, y = f(x), v> %Rz} or

where, as in lemma 5.1, v is the function defined by equality (4.98). Then path &(p, t) of system (2.15) in-
tersects plane x = x, for t = t, < 0 (by t, is understood the first instant after t = 0 of the intersection of
¢(p, t) with plane x = x, in the direction of decreasing time). On path ¢(p, t) there is fulfilled the relations
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y < £(x) for telt,, 0), (5.35)

v(p) < v(e(p, t,)). (5.36)

Proof

For the proof of this lemma we will consider only one path of system (2.15), the path &(p, t). There-
fore, as for the proof of lemma 5.1, we will write the different functions of the coordinates of the phase
space as functions of time. Also, as for the proof of lemma 5.1, it is easy to establish the inequality

z(p) > 105" (5.37)
0

We will prove that path ¢(p, t) intersects plane x = x, for t = t, < 0. For t <0 and sufficiently close to zero,
path ¢(p, t) lies in domain {x > 0, y < f(x), z > x}, as is easily seen. Path ¢(p, t) can leave this domain
only through the plane z — x = 0. However, z increases with decreasing time in domain {x > 0}. Thus, from
inequality (5.37) it follows that ¢(p, t) can intersect plane z — x = 0 (in the direction of decreasing time)

only after the intersection with plane x = x,.

Now suppose that path ¢(p, t) does not intersect plane x = x, for t <0. Then, obviously, for all t <0,
path ¢(p, t) lies in domain {0 < x<x,, y <{(x), z - x > 0}.

Consider the following function of the coordinates of the phase space
1., 1 ,
W=y 5 (2 — x). (5.38)
2 2
The time derivative of this function, taken because of the differential equations of system (2.15), as is
easily verified, is equal to
w = (1 - b)(z — x)alx). (5.39)

From equality (5.39) it follows that function w in domain {x > 0, z — x > 0} decreases with time along
all motions of system (2.15). Therefore, it results that path ¢(p, t) in domain {0 < x < x,, y < f(x), z — x > 0}
is bounded for t < 0 and, consequently, for t » — o must go to an equilibrium position different from the ori-
gin. But system (2.15) has only one equilibrium position, the point x = y = z = 0. The contradiction obtained
thus proves that path ¢(p, t) for t = t, < O intersects plane x = x,. In passing, we also established inequality

(5.35).

Go now to the proof of inequality (5.36). Let t, and t’ be the instants of intersection of trajectory
¢(p, t) with planes x = x, and x = 2x, respectively. It is clear that 0 > t,> t' > t,. We will prove that

y(t') < 9m. (5.40)
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Suppose to the contrary that
y{t’) 2 - 9m.
Since y(t) decreases with decreasing time, from the last inequality there follows the relation

yt) 2 -9m for t' <t <0. (5.41)

From equality (3.7) and inequalities (5.37) and (5.41) follows inequality
g— <—10 xﬁo
on path ¢(p, t) for 02t 2 t'.
Integrating the last inequality along path ¢(p, t) from t = 0 to t = t', we obtain
y(t') - y(0) < - 10m. (5.42)
But by hypothesis, y(0) = y(p} < f(x(p})} <m. Therefore, from (5.42) there follows the inequality
y(t') < - 9m.

This inequality contradicts inequality (5.41). The contradiction obtained thus proves inequality (5.40).

Now we will prove inequality (5.36) by returning to equality (5.19). Evaluate the integral standing on
the right hand side of this equality,

f"a' (x) (3 — F (1)) dx < — D (y (¢') — m) x,, (5.43)

x(p)

since for tdt,, 0], y(t) increases along with time

[ () (9 — F () e <oy (1) (05— 2x0)

Xo
Thus, from (5.3) we find that

j'a' (x) (v — f (x)) dx < 10Dy (') x,. (5.44)

Xo
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From inequalities (5.39), (5.43) and (5.44) we obtain

{w @ o—renax<o. (5.45)
x(p)

And, (5.36) also proceeds from (5.19).

Thus the lemma is proved.

Lemma 5.3

Let inequalities a > 0 and b < 1 be fulfilled. Moreover, let condition (5.1) be fulfilled. Suppose that

point p lies in domain {x =0, y <0, Itlel <l v> -%- Rz} where, as before, v is the function defined by

equality (4.98). Then path ¢(p, t) of system (2.15) intersects plane x = x, for t = t, (t, is understood as the
first instant after t = 0 of the intersection of ¢(p, t) with the plane x = x, in the direction of decreasing
time). And on path ¢(p, t) there are fulfilled the relations

y < £(x) for telt,, 0) (5.46)

and

v(p) < v(e(p, t,)). (5.47)

Proof

As earlier, to prove the lemma, we will consider only trajectory ¢(p, t) of system (2.15). In connection
with this, write the different functions of the coordinates of the phase space as functions of time. As in the
proof of the preceding lemma, it is not difficult to establish the inequality

y{p) < — 100m. (5.48)

Begin moving along path ¢(p, t) in the direction of decreasing time from point p. We will show that
until x < x, on path ¢(p, t), the following inequality is fulfilled on it:

y <0.9y(p). (5.49)
We will prove this inequality by contradiction. Suppose that, for the motion along the path ¢(p, t) from point

p in the direction of decreasing time, inequality (5.49) is violated before inequality x < x, is true. Because
inequality (5.49) is fulfilled for t = 0, there exists a t* < 0 for which

y(t*) = 0.9y(p), (5.50)
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x(t*) < x, {5.51)

or

y(t) < 0.9y(p) for te(t*, O], (5.52)
x(t) £ x, for te{t*, O). (5.53)

Return now to equality (3.7). From this equality and inequalities (5.52) and (5.48), and from the fact that
z(t) increases with decreasing time for te[t*, 0], it follows that on path ¢(p, t) for te[t*, O] there is fulfilled

the inequality

dy
a<2.

Integrating this inequality along ¢(p, t) from t = 0 to t = t* and using inequalities (5.51) and (5.53), we ob-

tain
y{t*) - y(0) < 2x,. (5.54)

Inequalities (5.48) and (5.54) contradict equality (5.50). The contradiction obtained thus proves the correct-
ness of inequality (5.489).

Now we will prove that path ¢(p, t) for t = t, < 0 intersects plane x = x,. Assume to the contrary that
this is not so. Then for all t < 0, path ¢(p, t) lies in domain {0 < x < x,, y < 0.9y(p)}. We will show that
(p, t) is then bounded for t < 0. If ¢(p, t) lies in domain {z — x > 0} for all t < 0, then the boundedness of
path ¢(p, t) for t < 0 is proved in the same way as for the proof of lemma 5.2, i.e., by considering the func-
tion w introduced by equality (5.38). But let there exist, even if only one, an instant of time t' < 0 such that
point ¢(p, t) lies in domain {0 <x <x,, y <0.9y(p), z — x £0}. Then path ¢(p, t} lies in this domain for all
t <t’. Indeed, it can leave this domain only through the plane z — x = P. But, as inequality (3.2) shows, for
x > 0 and y <0, all motions of system (2.15) intersect plane z — x = 0, going with decreasing time from
domain {z — x > 0} into domain {z — x < 0}. Therefore, path ¢(p, t) for t <t' lies in domain {0 <x <x,, y <
0.9y(p), z - x < 0}. In this domain z(t) increases with decreasing time and is bounded below by the number
x,, and y(t) increases and is negative. Thus, path &(p, t) for t < 0 is bounded and, for sufficiently small t,
completely lies in either domain {0 < x <x,, y <f(x), z > x} or domain {0 <x <x,, y <f(x), z - x <0}. Con-
sequently, for t » — =, path ¢(p, t) goes to an equilibrium position of system (2.15) different from point x =
y = z = 0. This contradicts the fact that system (2.15) has only one equilibrium position. But the contradic-
tion obtained proves that ¢(p, t) for t = t, < 0 intersects plane x = x,. From inequality (5.49), inequality
(5.46) follows.

Now, evaluate y(t) on the interval t, St <0 from below. From equaiiiy {5.15) and inequalities (5.48)
and (5.49), we see that

dz
dx T
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on path ¢(p, t) for telt,, 0]. Integrating this inequality along path ¢(p, t) from t = O to t = t,, we obtain
1
z(4)—2(0) < go *1 - (5.55)

Owing to equality (3.7), inequalities (5.48), (5.49) and (5.55), and the condition that ll_;T([[;))—I!S 1, we see that
on path ¢(p, t) for te(t,, 0] there is fulfilled the inequality

dy
x> -2

Integrating this inequality along ¢(p, t) from t = 0 to t = t,, we obtain
yt) - y(0) > - 2x,.
Thus, it is clear that
y{t,) > 2 - y(0). (5.56)

Now we will prove inequality (5.47). Evaluate the integral standing on the right side of equality (5.19).
Derived from inequality (5.56),

Xo

{ a0y —f)dxe < —D@y(p)—m)x, (5.57)
1]

From inequality (5.49) follows
ER

§ o () (v = £(x)) dx < 0.9y (p) (x, — x).

X0

Therefore, from (5.3), it results

Xy

§ o (%) (v — f(x)) dx < 9Dy (p) %, (5.58)

Xo

From inequalities {5.48), (5.57) and (5.58) proceeds the relation

X5 .
J o () (v —Fxnax <o. (5.59)
0
From inequality (5.59) and equality {5.19) follows inequality (5.47).

Thus the lemma is proved.
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L.emma 5.4

Let inequalities a > 0 and b < 1 be fulfilled. Moreover, let condition (5.1) be fulfilled. Suppose that
point p lies in domain{x =0,y<0,z<0, % <1, vz %Rz }where, as before, v is a function of the coordi-

nates of the phase space introduced by equality (4.98). Suppose further that there exists a t, < 0 such that
on trajectory ¢(p, t) there is fulfilled the relations

x(t,) = x,, (5.60)
y < f(x) for t < dt,, Ol. (5.61)
Then path &(p, t) intersects plane x = x, for t = t, ¢{t,, 0), and there occurs the following inequality:

v(p) < v(o(p, t,)). (5.62)

Proof

Being interested in the proof for only path @(p, t) of system (2.15), as before we will consider func-
tions of the coordinates of the phase space simply as functions of time. Assume that £ = 9x,. Because of
conditions (5.60) and (5.61), we can assert that there exist instants of time t,, t, and t’ such that

x(to) = X x(tx) =Xy, x(t') = ‘f: (5.63)

and these instants are solely on the interval of time (t,, 0). Obviously, t, <t’ <t, <t,< 0. From the condi-

tions that v 2 %Rz and % <1, and from notation (5.6} it is easy to see inequality

2(p) < — loof—:. (5.64)

We will prove that on interval tet,, 0] there is fulfilled the inequality
z(t) < 0.9z(0). (5.65)
We will prove this inequality by contradiction. Suppose that there exists a t*¢t,, 0] such that
z(t*} = 0.9z(0) (5.66)
and that inequality (5.65) is fulfilled for te(t*, 0]. From inequality (5.65) we see that z(t) < 0 for te[t*, O],

and as the second equation of system (2.15) proves equality (5.39), y(t) and w(t) increase with decreasing

time for te[t*, 0]. Therefore, we have
w(0) < w(t*).
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From the same form of function w, we obtain
z%0) + y*(0) < [z(t*¥) — x(t*)]1* + y*(t*). (5.67)

But because y(t) increases with decreasing time for te{t*, 0], and, moreover, because of condition (5.61), we
see that y(t) < m for tft*, 0]. Therefore, from inequality (5.67) follows relation

z3(0) < [z(t*) - m]}* + m%
Thus, from equality (5.66) we obtain
z*0) < 0.81z%0) - 1.82(0)m + 2m>. (5.68)
This inequality contradicts inequality (5.64), and the contradiction obtained thus proves inequality (5.65).
Now we will prove that
y{t) < - 8m (5.69)

for te[t’, 0]. Since y{t) decreases with increasing time for telt,, 0], for the proof of inequality (5.69), it is
sufficient to establish that

y(t') < - 8m. (5.70)
We will prove this inequality. Suppose that it is not fulfilled; then for telt,, t'] there is fulfilled
y(t) 2 - 8m. (5.71)

In consequence of equality (3.7) and inequalities (5.64), (5.65) and (5.71), on path ¢(p, t) for telt,, t'] there
is fulfilled inequality

0™
dy T xo o™
dx> 9m _lox

Integrating this inequality along ¢(p, t) from t = t’ to t = t,, we obtain
m
y(&)—y(E)>10 g(x‘z“E) > 10m.
Since, by hypothesis, y(t,} < f(x(t,)) < m, from the last inequality we obtain
y(t') < - 9m.

This inequality contradicts inequality (5.71). The contradiction obtained proves inequality (5.70) and, with
this, also (5.69).

93



From equality (3.7) and inequalities (5.64), (5.65) and (5.69), we see that for tdt’, 0] on &(p, t) there is
fulfilled inequality

Multiplying this inequality by 2y < 0 and integrating the inequality thus obtained along the path ¢(p, t} from

t=0tot=t/, we obtain
yH0) - y*(t') > - z(p)&.
Accordingly,
yO)<—V=z({VE. (5.72)

On the other hand, from equality {3.7) and inequalities (5.64), {5.65) and (5.69), we see that for te[t’, 0] on
path ¢(p, t) there is fulfilled inequality

< 2z (p)

Multiplying this inequality by y < 0 and integrating on the interval t, <t <0, we obtain
y*(0) — y¥t,) < - 4z(p)x,
or
[y(0) — y(t)[y(0) + y(t,)] < - 4z(p)x,.

Thus, from {5.72) and (5.69) we obtain

. z(p)xl
y(t) —y ) < LL=ZL ’,E .

And as a result, from (5.72) we see that

4
()~ y (0 <— 20,

Since ¢ = 9x,, from the last inequality we obtain
- 1
Y(hH) < 3y(0). (5.73)

Now we will prove inequality (5.62). To do this, we return to equality (5.19) and evaluate the integral

standing on the right side of this equality,

94



Xo

J o) —f() dx < = DIy © —m 5, (5.74)
On the other hand,
g @’ (%) (y — £ (x)) dx < 2y () (51— %o).

Thus, from (5.73) and (5.3), we see that

X

[ & (0) (v — f(x) dx < 5Dy (0) x, - (5.75)

Xo

From inequalities (5.74), (5.75) and (5.69), there follows the inequality

X,

o ()0 —Fepde<o.

0

{(5.76)

Inequality (5.62) follows from equality (5.19) and inequality (5.76).

The lemma is proved.

L.emma 5.5

Let inequalities a > 0 and b < 1 be fulfilled. In addition, let condition (5.1) be fulfilled. Suppose that

point p lies in domain {x =0,y<0,z<0, % <1, v2 %Rz} where, as earlier, v is the function introduced by

equality (4.98). Suppose also that there exists no t, < 0 such that relations (5.60) and (5.61) are fulfilled on
path &(p, t) of system (2.15). Then there exists a T < 0 such that on path ¢(p, t) it results that

x(T) = 0. (5.77)

x(t) > 0, z(t) <0 for te(T, 0). (5.78)

Proof

Begin moving along path ¢(p, t) from point p in the direction of decreasing time. We will show that,
until points of path ¢(p, t) lie in domain {0 < x < x,, y £ 10m}, on the path is fulfilled inequality

z(t) < 0.9z(p). (5.79)
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Note that by the hypotheses of the lemma, inequality (5.64) is fulfilled. We will prove inequality (5.79) by
contradiction. Suppose that there exists a t* < 0 such that

z(t*) = 0.9z(p), (5.80)

and for tet*, 0] it results that ¢(p, t)el0 < x <x,, y < 10m, z <0.92z(p)}. It is clear that y and w increase
with decreasing time along path ¢(p, t) for telt*, 0]. Therefore, we have

w(0) < w(t*).

From the form of the function w it follows that
z%(p) + y2(p) S [2{t*) — x(t*)]% + y2(t*). {5.81)
But for tdt*, 0] along ¢(p, t), y increases with decreasing time. Moreover, y < 10m by hypothesis; therefore,

from inequality (5.81) we obtain
z*p) < [z(t*) - m]* + 100m>.
And, accordingly, from (5.80) we obtain
z*p) £0.81z%p) — 1.8z(p}m + 101m>

This inequality contradicts inequality (5.64); the contradiction obtained thus proves inequality (5.79).

We will show that there exists instants of time t = t, < 0 such that on ¢(p, t) there results
y(t,) = £(x(t,)) (5.82)

and for te{t,, 0], ¢(p, t)ef0 < x S x,, v < £(x)}.

Indeed, in domain {0 < x < x,, y < f(x)} along ¢(p, t), y increases with decreasing time due to (5.79); z
also increases and, because of (5.79), is bounded. Therefore, path ¢(p, t) goes into domain {0 <x <x,, y <
f(x)} for decreasing time. But it cannot intersect plane x = x, for y < f(x), for the instant of intersection
t = t, would satisfy relations (5.60) and (5.61). Therefore, path ¢(p, t) intersects surface y — f(x) = O for
t =t, and ¢(p, t)el0 < x < x,, y < £(x)} for te(t,, 0].

It is easy to see that path ¢(p, t) goes into domain {0 < x <x,, f(x) <y < 10m} for t <t,. If for this
case ¢(p, t) intersects plane x = 0, then the instant of intersection t = T < t,, because of inequality (5.79),
satisfies relations (5.77) and (5.78). Suppose that for t = 7 <t,, ¢(p, t) intersects plane y = 10m, and for
this, on the path, it results that x(r)e(0, x,). In consequence of equality (5.15), until the points of path
&(p, t) lie in domain {0 < x <x,, y 2 10m}, on it is fulfilled the inequality

dz

7z — 0.2

Therefore, for that t < r for which ¢(p, t) lies in domain {x > 0}, on it is fulfilled

z(t) < 0.8z(p). (5.83)
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From equality (3.7) it results that for t < 7 for which path ¢(p, t) lies in domain {x 2 0}, there is fulfilled
inequality

dy _z(p)—m
Zﬂf'> T 9m -

Thus, it follows that path ¢(p, t) is bounded for that t. Consequently, it enters domain {x > 0} for t <r. Ac-
cordingly, there exists an instant of time T < 0 which satisfies relations (5.77) and (5.78).

The lemma is proved.

Theorem 5.1

Let inequalities a > 0 and b < 1 be fulfilled. In addition, let condition (5.1) be fulfilled. Let point p
lie in plane x = 0. Suppose that there is fulfilled inequality

y*(p) + z%p) <R> (5.84)

bl

Moreover, suppose that point ¢(p, T) lies in plane x = 0 where T > 0. Then the following inequality is true:

yielp, T)) + z*((p, T)) <RZ (5.85)

Proof

For the proof of this theorem, we will consider only path &(p, t} of system (2.15). In connection with
this, as earlier, the different functions of points of the phase space will always be considered as functions
of time. For definiteness, we will say that y(p) > 0. In this case, if z(p) <0, then we will say that y(p) = 0.
Without losing generality, we can say that T is the first instant after t = O of the intersection of path ¢(p, t)
with plane x - 0, i.e., that x(t) > 0 for te(0, T).

Conside. iirst the case when z(p) £ 0. In consequence of the third equation of system (2.15) and the
GHC, d—:‘ < 0 for te(0, T); therefore, z(t) < 0 for te(0, T}, and, consequently, function w, introduced by equality
(5.38), decreases along ¢(p, t) for te(0, T). Thus, we have

w(T) < w(0). (5.86)
Inequality (5.85) also follows from the definition of the function w and from (5.86).

Now let z(p) > 0. Suppose first that on the interval of time 0 <t < T, path &(p, t) does not intersect a
part of surface {y = f(x), 0 < x < x,, z — x > 0}, going out of domain {y — f(x) < 0} into domain {y — £(x) > O}.
As proceeds from lemma 3.3, path ¢(p, t) for t = 7¢(0, T) intersects surface y — f(x) = 0, going for t = 7 from

domain {y — f(x) > 0} into domain {y — f(x) < 0}. Suppose that x(r) < x,. Then path ¢(p, t) for te(0, T)
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intersects surface y — f(x) = 0, going from domain {y — f(x) > 0} into domain {y — £(x) < 0} only at one time for
t = 7. Indeed, path ¢(p, t) can go across from domain {y — f(x) > 0} into domain {y - f(x) < 0} only with an
intersection with a part of surface {y = f(x), 0 <x < x,, z — x 2 0}, this, by hypothesis, is impossible. Thus,
for te(0, T), x(t) has only one maximum, which occurs for t = 7; consequently, x(t} < x, for t[0, T].

We will prove that inequality (5.85) is fulfilled in the case considered. But suppose that inequality
(5.85) is not fulfilled; then there is fulfilled the inequality

v(T) > %Rz, (5.87)

where v is a function of the points of the phase space introduced by equality (4.98). If z(T) > 0 or if z(T)<0

and zf;‘; <1, in consequence of equality (5.87) and lemmas 5.2 and 5.3, path ¢(p, t) intersects plane x = X,
y
for te(0, T), which contradicts inequality x(t) £ x, for 0 <t < T. But if z{t) < 0,%5 1, and path ¢(p, t) for
z

te(0, T) does not intersect plane x = x,, then because of lemma 5.5, it must be true that z(0) = z(p) < 0; this
contradicts supposition z(p) > 0. The contradictions obtained thus prove inequality (5.85) in the case con-

sidered.

Now let x(r) > x,. Then path &(p, t) intersects plane x = x, for t = t,¢(0, T). Byt = t, is understood
the first instant after t = 0 of the intersection of ¢(p, t) with plane x = x,. Let t = t, be the last instant be-
fore t = T that path ¢(p, t) intersects with plane x = x,. From the condition that path ¢(p, t) does not inter-
sect a part of the surface {y = {(x), 0 < x < x,, z — x > 0}, going from domain {y — f(x) < 0} into domain y -
f(x) > 0}, in this case it follows that path ¢(p, t) lies wholly inside the half-space {x > x,} for tet,, t,] and in
the zone {0 < x < x.} for t0, t,] and telt,, TJ.

We will now prove inequality (5.85) in the case considered. If v(t) < %RZ for 10, T, inequality (5.85)

follows immediately from the form of function v. Suppose that an instant of time t = 8¢[0, T] exists such that

v(8) = %Rz; for this case we will say that @ is the first such instant, i.e., that v{t) < %Rz for te[0, 8). Since

%Z <0 for x 2 x,, as proceeds from (4.99) and condition (5.1) of the theorem, point ¢(p, 6) mu- - in zone

{0 <x < x,}. Thus, one of two conditions must be fulfilled: either 0e[0, t,], or Gelt,, T].

First suppose that 6elt,, T]. Inequality (5.85) will be proved by contradiction. Suppose that it is not
fulfilled, i.e.,

v(T) > %R’. (5.88)

From this inequality, from the fact that z(p) > 0, and from lemmas 5.2-5.5, &(p, t) consequently intersects
plane x = x, for t = t,¢(t,, t;). Thus there occurs the inequality

vit,) > %R‘. (5.89)
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However, t, <t, < 0, and by the definition of 6, v(t) < %Rz for all t0, ). This shows that inequality (5.88)

in the case considered also cannot be realized. Consequently, inequality (5.85) is fulfilled in the case con-
sidered.

Now let 60, t)). We will show that in this case

z(0) > — x,. (5.90)
Suppose to the contrary that
z(0) £ - x,. (5.91)
We will show that then
z(0) < 0. (5.92)

Consider first the case Lg) <1. Consequently, by definition of the instant and from the form of function v,
y

y(6) > 100m. (5.93)
Assume that there exists a t*¢[0, 6) such that
z(t*) =0 (5.94)
and
z(t) < 0 for te(t*, 4]. (5.95)

Then y(t) increases with decreasing time for te(t*, 0]. Therefore, from inequality (5.93) and from equation
(5.15), it follows that on &{p, t) for telt*, 6] there is fulfilled the inequality

dz 1
ix = %"
Integrating this inequality along path ¢(p, t) from t = t* to t = 0 and using inequality (5.91), we ascertain

y® o,
fz @)1

In this case, inequality (5.92) is proved in the same way as for the proof of lemma 5.5. Thus, (5.92) is ful-

that equality (5.94) cannot be realized; consequently, inequality (5.92) must be fulfilled. Now let

filled by supposition (5.91). However, inequality (5.92) contradicts the fact that z(p) > 0. The contradiction
obtained proves inequality (5.90). In consequence of inequality (5.90) and lemma 5.1, path ¢(p, t) intersects
plane x = x, for t = t ¢(t,, t,) and

v(t,) < v(6) = %Ra . (5.96)
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We will now prove inequality (5.85) by contradiction. Suppose that inequality (5.88) is fulfilled. Then,
because z(p) > 0 and from lemmas 5.2-5.5, we see that path &(p, t) intersects plane x = x, for t = t,€(t,, t,).

And, consequently,

v(ty) > v(T) > %R’. (5.97)

But as was proved above for tdt,, t,]-C [t, t,], path ¢é(p, t) lies in half-space {x > x,}. However, as equality
(4.99) and condition (5.1) of the theorem prove, function v(t) decreases for x 2 x,. Accordingly, it follows

that
v(t,) 2 v(t,).

The last inequality contradicts inequality (5.96) and (5.97). The contradictions obtained thus prove in-
equality (5.85).

Now we consider the case when path ¢(p, t) for te(0, T) intersects a part of surface {y = f(x), 0 < x <x,,
z — x 2 0}, for this going from domain {y — f(x) < 0} into domain {y — £(x) > 0}. It is not difficult to see that
the number of such intersections is finite. Letr, 7, ..., 7 be a sequence of instants of such intersec-

tions. Then we have

O0<r<r<...< <T. (5.98)

On the intervals of time 0 <t <7, r, <t <7, ..., g, <t <7, rx <t < T, path ¢(p, t) does not intersect a
part of the surface {y = f(x), 0 < x < x,, z — x > 0} in going from domain {y — f(x) < 0} into domain {y — f(x)>0}.
Therefore, by reasoning analogous to that used for the proof of inequality (5.85), we will finally prove in-

equality

v(r;) <%R2 i=1,2, ..., k). (5.99)

And from inequality v(r) < %R“, we conclude inequality v(T) < %Rz which coincides with (5.85).

Thus the theorem is proved.

Analogously, the following theorem may be proved.

Theorem 5.2

Let inequalities a > 0 and b < 1 be fulfilled. Moreover, let condition (5.1) be fulfilled. Let point p lie
in plane x = 0. Suppose that there is fulfilled inequality

yip) + z*p) 2 R~ (5.100)
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Assume further that point ¢(p, T) lies in plane x = 0 where T > 0; then there is true the inequality

yAo(p, T)) + z(p, T)) < yp) + z%(p)- (5.101)
From the results of reference 12 we see that, in the cases considered, the null solution of system

(2.15) is asymptotically stable in the sense of Lyapunov. Therefore, following from (3.30), there exists a
domain A of the phase space such that for solutions x = x(t), y = y(t), z = z{t) of system 2.15, relation

limx=limy=limz=0fort-+ o (5.102)
is fulfilled only when the initial point of this solution lies in domain A. The domain is the domain of sta-
bility and, as shown by N. P. Yerugin (ref. 30), is made up of its invariant set (ref. 26). The complement of
A relative to the entire phase space is designated by B and is the set of instability. The set B is empty

only if the null solution of system (2.15) is globally stable.

The following theorem is true.

Theorem 5.3
Let inequalities a > 0 and b <1 be fulfilled. Let condition (5.1) be fulfilled. If the set B is nonempty
and if peB, then path &(p, t) of system (2.15) has points in domain {x =0, y* + z2< R}.
Proof
Following from theorem 3.1 there exists a sequence of instants of time
t,<t;<t,;<...o+ 00, (5.103)
such that points ¢(p, ti) lie in plane x = 0 for all real k.

Contrary to the assertion of the theorem, assume that path ¢(p, t) has no points in domain {x = 0, y2 +
z? < R%; then for all real k it is true that

yH(te) + 2%tx) 2 R? (5.104)

on path &(p, t). Accordingly, by theorem 5.2 we have

YVt ) +22(E,,) <y () +2%(t) <
< yi(t) +22(t) for E>1. (5.105)

Because of inequality (5.105) and the Bolzano-Weirstrasse principle of choice, we can say that the sequence
of points ¢(p, ti) converges. Assume that
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lim ¢(p, tp) =gq. (5.1086)
k—*-{-u

From inequality (5.104) we obtain
viq) + z¥q) 2 R~ (5.107)
On the other hand, from (5.105) and (5.106), on path ¢(p, t) there is fulfilled inequality
y{ti) + 2%(te) > y*(q) + z*¥(q) (5.108)
for all real k.

Let t* be an instant of time such that ¢(p, t*) lies in plane x = 0. Then because of theorem 5.2 and
relations (5.103), (5.104) and (5.108), on path ¢(p, t) we have

yAt*) + z*t*) > yAHq) + z%(q). (5.109)
Now consider path ¢(q, t) of system (2.15). This path will obviously be an w-limit for ¢(p, t). Path
&(q, t) for all t > 0 cannot lie in one of the half-spaces {x > 0} or {x < 0} since, in this case, according to
theorem 3.1, path ¢(q, t) would go to origin. This is impossible because p, by assumption, belongs to the
set of instability B. Consequently, a t’ > 0 can be found such that path ¢(p, t) for t = t' crosses over from
one of the half-spaces {x > 0} and {x < 0} into the other. Due to theorem 5.2 we will have
#la, tetx =0, y* + 22 <y*q) + 2%q)}- (5.110)
By the theorem on integral continuity, a t* can then be chosen such that also
dlp, t¥)elx = 0, y2 + 22 < y¥q) + z¥q}} (5.111)

The last relation contradicts inequality (5.109).

The contradiction obtained thus proves the theorem.

Theorem 5.4

Let inequalities a > 0 and b < 1 be fulfilled. Moreover, let condition (5.1) be fulfilled. Then there
exists such an M > 0 that from any point p of the phase space a Tp can be found such that for t 2 T}, on path
¢d(p, t) of system (2.15) there are fulfilled the inequalities

x| <M, ly| <M, |z| <M. (5.112)
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Proof

Consider an arbitrary path ¢(p, t) of system (2.15). If ¢(p, t) goes to origin for t » + o, then the asser-
tion of the theorem is obviously fulfilled for it. However, suppose that ¢(p, t) does not go to origin. Then
by theorem 5.3, ¢(p, t) intersects circle {x = 0, y*+ z2 < R* for t = Tp. Assume that

N = max |f(x) + x| for |x}| <R. (5.113)
We will show that on path ¢(p, t) for t 2 T;, thereis fulfilled the inequality
ly| < 3N. (5.114)

Lett,> Tp be the first instant of time after Tp of the intersection of path &(p, t) with plane x = 0. We
will show that on the interval T, <t <t, on ¢(p, t) there is fulfilled inequality (5.114). For definiteness we
will say that y(é(p, Tp)) 2 0, but if z(¢p(p, Tp)) <0, then y(4(p, Tp)) > 0. I z(é(p, Tp)) <0, them, as men-
tioned earlier, y decreases along ¢(p, t) for t{ T, t,]. Consequently, for such t thereis fulfilled the in-
equality

ly(plp, t)| < max ty(élp, Tp)) |y(é(p, t))}

From the last inequality and from theorem 5.1, we see that |y| <R on path ¢(p, t) for telTp, t,] and,
thus, (5.114) also follows.

Now let z(¢h(p, Tp))>0. Since y*e(p, Tp)) + z*(p(p, Tp)) < R? then z(h(p, Tp)) <R. The maximum vy,
as mentioned in section 3, lies on plane z — x = 0. But along ¢{p, t), z decreases for ts[Tp, t,l; therefore,
the intersection of ¢(p, t) with plane z — x = 0 on interval te[Tp, t,] has an abscissa less than R. We will
show that for te[Tp, t,] on path ¢(p, t) there results

y < 3N. (5.115)

Indeed, if inequality y < 2N is fulfilled, inequality (5.115) follows immediately from it. However, if this in-
equality is not fulfilled, then, as is easily seen, there exists a t*e(Tp, t,) such that

y(t*) = 2N and z(t*) - x(t*) > 0 (5.116)

on path ¢(p, t). Accordingly, until the intersection with plane z — x = 0 on path ¢(p, t), inequality y > 2N
will be fulfilled. Because of inequality, because z(¢(p, t)) <R for te[Tp, t,] and because of equality (3.7),
for t 2 t*, and such that z(¢(p, t)) - x(A(p, t)) — x(é(p, t)) > 0, there is fulfilled the inequality

dy zZ—x

ix ~y—r <1

Integrating this inequality along ¢(p, t) from t = t* to the point of intersection of ¢(p, t) with plane
z — x = 0 and using equality (5.116) and the fact that x(¢(p, t)) <R lies on plane z — x = 0, we obtain in-
equality (5.115).
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Now we will show that for te(Tp, t,) on path ¢(p, t) there is fulfilled inequality
y>-3N. (5.117)

Since the minimum of y occurs on plane z — x = 0, the minimum of this becomes the maximum. From (5.38)
and (5.39), between the maximum and the minimum y, function w along ¢(p, t) decreases with increasing
time. Consequently, from the form of function w, in the instant of minimum, y is less in absolute value than
. at the instant of the preceding maximum. Therefore, (5.117) results and from it also (5.115) and (5.114).

Since x decreases along path ¢(p, t) for y < f(x), then from the GHC f(x) > cx, it results for x = 0 that
on path ¢(p, t) for te[Tp, t,] there is fulfilled the inequality

'

1
X <=maxy.
c Yy

Thus, from (5.114) it follows that for te[Tp, t,] on path ¢(p, t) there is fulfilled the inequality
x| <2N. (5.118)

Since z decreases on interval Ty <t <t, along ¢(p, t), in consequence of theorem 5.1, on the interval
Tp St <t, on ¢p, t)

|z] <R. (5.119)

Inequalities (5.114), (5.118) and (5.119) are proved only for the interval of time [Ty, t,], but because of
theorem 5.1, obviously, it is also true for all t 2 Tp- Therefore, the assertion of the theorem also follows.

Section 17

In this section we consider the case when a >0, 0 <b <1, ¢ 2 1 and condition (5.1) is fulfilled. We
will prove in these cases one theorem relative to the arrangement of the trajectories of system (2.15). Des-
ignate domain {x =0, y >0, z> 0, y*+ z2< R} by P. Consider a periodic motion of system (2.15). As fol-
lows from theorems 3.2, 3.3, and 5.3, its trajectory intersects domain P. Call the periodic motion of system

{2.15) regular if its trajectory has a point in common with domain P.

Theorem 5.5

Let inequalities a >0, 0 <b <1 and ¢ 2 1 be fulfilled. Moreover, let function f(x) be continuously
differentiable for all real x, and let such positive numbers ¢ and x, exist that condition (5.1) is fulfilled.
Then, for the trivial solution x =y = z = 0 of system (2.15) to be globally stable, it is necessary and suffi-
cient that system (2.15) not have a regular periodic motion.
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Proof
The necessity of the theorem’s conditions are obvious. We will prove the sufficiency.

Let system (2.15) not have a regular periodic motion. We mustthen prove that all motions of system
(2.15) go to origin for t » + 0. Suppose to the contrary that there exists a point q of the phase space for
which trajectories ¢(q, t) do not go to origin for t » + «. Because of theorems 3.2, 3.3, and 5.3, and not
violating the generality, we can say that qeP.

Consider now an arbitrary point peP, p # (0, 0, 0) and paths ¢(p, t) of system (2.15). Due to theorems
3.2, 3.3 and 5.1, there exists a t, > 0 such that ¢(p, tp)eP. For this, t, designates the first instant after
t = 0 of the intersection of path ¢(p, t) with domain P. We place every point peP, p # (0, 0, 0) in correspond-
ence with a point ¢(p, t,) and point (0, 0, 0) with itself. By I we denote the transformation of the closed
domain P into itself obtained in this way. From the theorem on unigueness, the theorem on integral con-
tinuity and theorems 3.2, 3.3, and 5.1, it follows that the transformation I is mutually singlevalued and
mutually continuous. In addition, it preserves operations. Indeed, we take an arbitrary closed contour 1
lying in P, and in some way we orient it. We examine surface (1, t) until its intersection with P following
t = 0. This intersection obviously gives us contour I(1). The orientation of contour I(l) cannot coincide with
the orientation of contour 1 only in that case if (1, t) makes an intersection of the trajectory on the surface,

which cannot be by virtue of the theorem on uniqueness.

Consider the sequence I°(q). For all natural n it results that I"(q)eP. Since domain P is bounded,
sequence I?(g) has a limit point lying in the closed domain P. Let g, be any limit point of sequence I"{g).
In consequence of theorems 3.3 and 5.1,point q, coincides with the origin if it lies on the boundary of the
domain P. But the point q, is a limit for sequence I*(q); therefore, it is an w-limit for trajectory ¢(q, t) and,
consequently, q, cannot coincide with the origin. Indeed, if q, were to coincide with point x =y =2 =0,
path ¢(p, t) would go to origin for t » + « since point (0, 0, 0) is a Lyapunov stable equilibrium position of
system (2.15). And this contradicts the choice of point q. Thus, there exists a subsequent I"(q) of se-
quence I%(q) for which is fulfilled the relation

z“i" 1"k (p) =gq,¢€P. (5.120)

Therefore, we have a homeomorphic and operation-preserving transformation I of plane domain P into
itself. This transformation is such that there exists a point qeP for which relation (5.120) is fulfilled. How-
ever, from the theorem of Brouwer (ref. 31), transformation I has a stationary point p, lying in domain P (and,
consequently, different from the origin). By definition of transformation I, path ¢{p,, t) shows itself to be a
regular periodic motion of system (2.15). This contradicts the hypothesis of the theorem, and the contradic-
tion obtained thus proves the sufficiency of the conditions of the theorem.

We note that Massera (ref. 32) pointed out a possible application of the Brouwer theorem for the investi-
gation of a similar system of differential equations.

Assume again that inequalities a >0, 0 <b <1, ¢ 2 1 and condition (5.1) are fulfilled.
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Suppose that the null solution of system (2.15) is not globally stable. As earlier let A be the stability
domain and B the set of instability. Let peP and p # (0, 0, 0); we will, as before, designate by tp, the first
instant of time after t = 0 in which path &(p, t) intersects with domain P.

We will prove that there exists a number T such that t, < T if peP - B. Assume to the contrary that
such T doesnot exist; then there exists a sequence of points pyeP - B such that

lim £, =+ oo, (5.121)

kst

Since set P- B is closed and bounded, we can say that the sequence of points py converges to o point of
this set; i.e., we can say that

im pp=qeP-B. (5.122)

ks 400

But point {0, 0, 0) obviously lies in domain A; therefore, g # (0, 0, 0). On the other hand, because of qeP
there exists such an instant of time tq > 0 that ¢(q, tq)eP. Accordingly, from the theorem on the continuous
dependence of the solutions on the initial conditions and from relation (5.122}, it follows that for sufficiently

large k there takes place the inequality

tp, < 2tq- (5.123)

The last inequality contradicts relation (5.121), and the contradiction obtained proves the existence of num-
ber T. Proceeding from the existence of such a number and from theorems 3.2, 3.3 and 5.3, any recurrent
(ref. 26) trajectory of system (2.15) different from the equilibrium position produces its vibration regime (the
concept of vibration regimes and some conditions for their existence were given by V. V. Nemytskiy in

reference 22). Therefore, theorem 5.6 follows.

Theorem 5.6

Let inequalities a > 0, 0 Sb <1 and ¢ 2 1 be fulfilled. Moreover, let the function f(x) be continuously
differentiable for all real x and let such positive numbers ¢ and x, exist that condition (5.1) is fulfilled.
Then any trajectory of system (2.15) for t » + = not going to origin has in itself an w-limit set of vibration

regimes.

The assertion of this theorem results because any positively stable trajectory (in the sense of LaGrange
trajectories) has in itself an w-limit set of recurrent motions (refs. 26, 33) and because in the conditions of

the theorem any recurrent trajectory of system (2.15) produces its vibration regime.
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Chapter VI. ON PERIODIC MOTIONS

In this chapter we will consider system (2.15) for the fulfillment of conditions of cases 1, 4 or 5; i.e.,
we will assume that a > 0 and b < 1. Moreover, we will suppose that inequality ¢*+ b > 0 is fulfilled where
number c is given by equality (4.6). Thus, we consider here all of those cases in which the global stability
of the null solution of system (2.15) could not be established for any nonlinearity f(x) satisfying the GHC.
In these cases we establish certain sufficient conditions for the existence of periodic motions of the solu-
tions for system (2.15).

Section 18

We lntroduce the follownlg deSIgn(Itlon.
ma y 4 ( . )

Let H and h be arbitrary numbers satisfying the following inequalities:
l<hsHforb20 (6.2)
and
Lin<u<-grorb<o. (6.3)

Since we assume that inequality ¢? + b > 0 is fulfilled for the remainder of this chapter, then inequality
{6.3) is noncontradictory.

Assume that
k:max{l.l(l——b)c‘H; 1.8(c+—f-)h'} (6.4)
and

p=xi4+03c*+08-403 (c + —’c’—) H. (6.5)
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Now let ¢ and & be arbitrary numbers satisfying the following inequalities:

0<e-85<8% (6.6)
0<({(c+H)e<0.1, (6.7)

0.625 (1 + "_c’l’) 54 0.35(c + H)c8 < 0,1 (/z,-— -c‘—) (6.8)
pe? 4 1.8 (c + %) He? <O.18(lz — %) 3, (6.9)

H b 20 ckH
0-08”37:7,1—[“‘+ 1'8(" + ?)H]EZ +3E—on

1o VEA+ ) }0.01282<‘l‘2—50(h—— :—)ha. (6.10)

Suppose that function a(x) satisfies the following conditions:

hx < a(x) SHx for 0 <x <5, (6.11)
0 <alx) <Hx for 8 <x <g, (6.12)
0<alx) <8 fore<x < % VEHI + ¢) + 0.012. (6.13)

In these cases, the numbers h, H, § and ¢ must satisfy inequalities (6.2}, (6.3) and (6.6)—(6.10). We will as-
sume that conditions (6.11)—(6.13) are fulfilled.

On plane x = 0 consider a point p, with coordinates x = 0, y = 0, z = ck; point p, with coordinates x = 0,
y =k, z = ck; and the segment of the straight line {x = 0, z = ck} contained between points p, and p,. Let py
be a point of segment L with the y component ok so that oe{0.1]. We will consider a path &(py, t) of system
(2.15). For shortened notation of these trajectories and all functions along them, we will supply ¢ as an in-
dex where o€[0.1]. For example, ¢q(t) is the trajectory &(pg, t), y,(t) is the y component of trajectory .
¢é(p,, t), and zt) is the z component of the trajectory ¢(p,, t).

As seen from the reasoning of section 3, dll trajectories ¢4(t) for sufficiently small positive t lie in
half-space x > 0. Designate by T, the first instant after t = O of the intersection of path ¢4(t) with plane
x = 0. In this case, if x,{t) > 0 for all t > 0, then we will assume that Ty = + 0. However, in the following,
we will show that all paths ¢,(t) intersect plane x = 0 for increasing time from t = 0, and thus T turns out

to be a proper number.

Lemma 6.1

If conditions (6.11)—(6.13) are fulfilled, then for increasing time from t = 0, all paths ¢4{t) intersect
first plane x = ¢ and then plane — x = 0.
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For the proof of the lemma we will show that until the intersection with plane x = ¢, on any trajectory
Pg(t) there is fulfilled the inequality

z4(t) — xo{t) > 0.8ck. (6.14)

By virtue of lemma 3.9 it is sufficient to establish inequality (6.14) only for trajectory ¢,(t). Suppose that
inequality (6.14) is violated on path ¢,(t} until its intersection with plane x = ¢. Then, as long as

z4(0) — x,(0) = ck > 0.8ck, (6.15)
from continuity we can assert that there exists a t* > 0 for which
z,(t*) — x,(t*) = 0.8ck, (6.16)
zo(t) — x(t) > 0.8ck for 0 <t < t*. (6.17)
Evaluate y{t*) from the above. We will show that
yolt) < 0.8 for t0, t*]. (6.18)

Indeed, y, = O for t = O; therefore, inequality (6.18) is fulfilled for t = 0. Suppose that there exists a te(0, t*)
for which

yolt) = 0.6, (6.19)
and that for td0, t] there is fulfilled the inequality
yolt) £ 0.6. (6.20)

If it results that such a t does not exist on interval (0, t*), due to the continuity of function y(t), inequality
(6.18) will be fulfilled for all t{0, t*].

Return to equality (3.7). From this equality and from the monotonicity of the increase of function y (t)
on the interval of time 0 <t < t*, we see that for te[t, t*], on path ¢(t) there is fulfilled the inequality

dy zZ—x ck

dx ~ y—f@x) < 06 —cx—Hx?’

since x,(t) increases monotonically for te[0, t*]; then x,(t) < ¢ for te[0, t*]. Therefore, from the last inequality
and from condition (6.7),

dy
v < 2ck.

Integrating this inequality along path ¢(t) for te[t, t*], we obtain, because of inequality x,(t*) <e,

Yolt*) — yoft) < 2cke. (6.21)
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But from inequality (6.7) and (6.2) or (6.3), it follows that
1. .
(c—- + C)s <0l (6.22)

Therefore, cke < 0.1 since ck = max {1, c} by definition of k. Accordingly, from inequality (6.21) and equal-
ity (6.19) we obtain

¥o{t*) <0.8.
Since y,(t) is monotonically increasing for tf0, t*], the last inequality thus proves relation (6.18).

From equation (3.5) and from condition (6.17), we see that on path ¢(t) for te(0, t*) there is fulfilled
the inequality

dz cx + ba(x)
&> T 8

Because x,{t) increases for 0 <t <t* and x,(t) < ¢, from the last inequality we obtain

But in this chapter we consider only the case when b < 1; therefore, from the last inequality and from

condition (6.7) we obtain

dz 0,1
dy ~ 08

on path ¢(t) for te(0, t*). Integrating this inequality along ¢(t) fromt = 0 to t = t*, we obtain

20 (#%) — 2,(0) > — g (¥o (£5) — 9, (0)).

Thus, from relation (6.18) we see that z(t*) — z,(0) > — 0.1. But by hypothesis, z, = ck; therefore, from

the last inequality we have

z4{t*) > 0.9ck. (6.23)

From inequality (6.22) it is easy to conclude that inequality € < 0.05. Therefore, following from x(t*) < ¢ and
from (6.23),

zo(t*) — x,(t*) > 0.8ck. (6.24)
The last inequality contradicts equality (6.16), and the contradiction obtained thus proves the lemma.
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In this way, all paths ¢g(t) intersect first plane x = ¢ and then plane z - x = 0. Designate by tg) the
first instant of time after t = O of the intersection of ¢4(t) with plane x = e. In going through the proof of the
lemma, we have established that for all te[0, tf,‘)] there are fulfilled inequality (6.19) and inequality

zg{t) > 0.9ck. (6.25)

From the proof of lemma 3.3, it was shown that all paths ¢4(t) intersect plane z — x =0 for t > 0. Let
t{) > 0 be the first instant after t = 0 of the intersection of path ¢4(t) with plane z — x = 0. From lemma 6.1
it follows that 0 < tg‘) < tgf).

As was shown for the proof of lemma 3.3, path ¢4(t) for t > tg,’) and sufficiently close to t(oz) lies in
domain {x >0,y >0, z -~ x <0}. Let Té,e(t(oz), Ty) be a number such that path ¢4(t) lies in domain {y > 0,
z > 0} for te{t$?, T4l. Then the following lemma is true.
Lemma 6.2

Suppose that inequalities a > 0, b< 1, ¢*+ b > 0 and conditions (6.11)—(6.13) are fulfilled; then for
te(t$?), T4, path ¢y(t) lies in domain {x > ¢, y 20, z —x <0, z > O}.

Proof

Evaluate yl(t(ﬁ)) as above. On interval (0, t(,z)), z,(t) is a decreasing function of time; therefore z,(t(lz)) <
ck, but z,(t{?) = x,(t{2) by definition of instant t{?; consequently,

x(t(f)) < ck. (6.26)

In consequence of equation (3.7), for te(0, t(f)) on path ¢,(t) there is fulfilled the inequality

< 7_%—(;,- (6.27)
Now we will show that
7.(t?) <k + 2c% + 0.1. (6.28)
Indeed, if for [0, t{2)] there is fulfilled the inequality
¥.t) Sk+ck + 0.1, (6.29)

then inequality (6.28) follows immediately from inequality (6.29). Since y,(0) = k by definition of y,(t), then
inequality (6.29) is fulfilled for t = 0. If this inequality is not fulfilled for all tel0, t{*)], there exists a
t'¢(0, t(lz)) such that
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y.t') =k + c’k + 0.1, (6.30)
and inequality (6.29) is fulfilled for 0 <t <t'.
On segment {0, t(ﬁ)], y,(t) increases with time; therefore, for te(t’, t(,z)) it results that
yit) >k + c%k + 0.1. (6.31)
From conditions (6.11)—(6.13) and from inequality (6.7), it follows that for a(x) < 0.1, 0 £ x < ck. Because
xl(t(lz))<ck and x,(t) increases on interval 0 <t < t(12), on ¢ (t) for te(0, t(f)) it results that a(x) < 0.1. There-

fore, in consequence of (6.27) and (6.31), on path ¢,(t) for te(t’, t(lz)] there is fulfilled the inequality

dy < ck
dx ~kE+ck401—cx—01"

On ¢,(t) for td0, t(lz)], x < ck; thus the last inequality produces
d
% <ec
Integrating this inequality along path ¢,(t) on interval t' <t < t{2), we obtain
5 )
W (t{ )) —n () <ex, (t{Q))-

Since x,(t(lz)) < ck, the last inequality together with (6.30) gives (6.28).

If inequality (6.28) is used again, yl(t(lz)) can be evaluated with considerably more precision. We will
now find this more precise value of yl(t(f)). Dividing equation (5.39) by the first equation of system (2.15),

dw z2—x
7 =(1—10) = a (). (6.32)

On path ,(t) for te[0, t{V] we have

dw _ (1—b)ck
E<k——05—HE Hx'

This results because x,(t) and y,(t) increase and z,(t) decreases with increasing time on the interval of time

considered. Integrating the last inequality along path ¢,(t) fromt =0tot = t{2), we obtain
o . (I'—b) ck
w; (1) —w, (0) < 5k —os — Hey 115 (6.33)
We will show that
(1 ~ b)ckHe* < 0.01. (6.34)
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For b 2 0, this inequality results because ck = max {c, 1} and because ce < 0.1, He< 0.1 and € < 0.1, as in-
equalities (6.7) and (6.22) prove. Let b < 0; in this case, from (6.3) we obtain

cke(l — b)He < cke(H + c)e,
Therefore, (6.34) follows from (6.7). From (6.33), (6.34) and (6.7), we obtain

w, (") —w, (0) < 5 g < 0,0056. (6.35)

Dividing equation (5.39) by the second equation of system (2.15) we can write

2 =(1—b)a(x). (6.36)

However, x,(t) increases on the interval of time [t(“), t(f)]; accordingly, from the definition of the instant of
time t(“) and from (6.26), there follows inequality ¢ < x,(t) < ck for te[t(l‘), t(x’)]. As a consequence of condi-
tion (6.13), inequality a(x) < §* is fulfilled on ¢,(t) for te[t(l‘), t(f)]. And thus from (6.36) there follows in-
equality

d
ﬁ < (1 —b)3, (6.37)

which is true for path ¢,(t) for te[t{*?, t{)]. Integrating this inequality along path ¢,(t) from t = t{*) to t =

t(f), we obtain

@, (87) < w0y (6°) + (1= b) (3, (6),— y, (7)) 34,
Since yl(t(l‘)) > v,(0) = k, from here and from inequality (6.28) we find

w, (1) < w, (%) + (1 — ) (2% +0,1) 84,

Evaluating the second term on the right side of this equality, by hypothesis we have — b < ¢ therefore, we
can write

3 (1 — b) (2% + 0.1) < (3° -+ ¢*52) (223 + 0,1%%).

Following from this inequality,

8 (1 — b) (2% - 0.1) < (0.0025 + 0,01) (0,02 - 0,0005).

Thus, we obtain

w, (1) < w, (£”) + 0,0003.
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And from (6.35) we see that

w, (1) < w, (0) + 0,006. (6.38)

From the definition of w in equality (5.38), we have

2 VD) < Lk (1 + ¢ + 0,006
or

¥y () <V E(1 + ¢ + 0.012.

Therefore, from lemma 3.9 there follows the correctness of the inequality

yq(t§2’)<1/k‘(l+02)+0?012 for o€ [0.1]. (6.39)

We will now prove that inequality (6.40) is correct for te[0, T,lL.

x,(8) <+ VR F )£ 0,0i2. (6.40)

Indeed, proceeding from lemma 3.3, path ¢4(t) intersects surface y — £(x) = 0 for t > tg). Let t((}) be the first
instant after tg‘) of the intersection of path ¢4{t) with surface y — f(x) = 0. (We assume that this is the first
existence of an intersection, i.e., that from domain {y — f(x) > 0}, path ¢g(t) for t = t$ goes into domain

{y - f(x) <0}.) As was shown for the proof of lemma 3.3, y,(t) on time interval te[0, t§)] exhibits only one

maximum for t = t$?). Consequently, for td0, t&],
yq (t) < ya (t§2))‘

And therefore, from inequality (6.39) it follows that for t€f0, t,(;)] there takes place the inequality

Y, (O<VE(1+¢)+0.012 for se[0, 1]. (6.41)

Accordingly, for t = t3) and for all od0, 1], there is fulfilled inequality

V.=F(x)<VE( 4?4+ 0,012,

But for x > 0, f(x) > cx; consequently,

%, (P < L VE (1 + )T 06,012,

From this inequality and from lemma 3.9 it is easy to conclude the correctness of inequality (6.40) for all
tel0, T,l.

Now we will go immediately to the proof of lemma 6.2. To prove it, we will suppose to the contrary
that the assertion of the lemma is not fulfilled. Then, since for t > t,(,’) and sufficiently close to t$,2), dolt)
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lies in domain {x > ¢, v > 0, z— x <0, z > 0}, from the continuity there exists a t’e[t(oz), T%] such that
doltlelx > ¢, y20,z-x<0, 220} for te(tg;z), t5), and there is realized at least one of the equalities

Xg(t') = € or zg4(t') — x4(t") = 0. (6.42)
In the first place, suppose that the first of equalities (6.42) is fulfilled. Since xa(tg)) > ¢, as follows
from lemma 6.1, then on interval tS;) Lt <t!, path ¢y(t) intersects surface y — £(x) = 0 and goes into domain
ly — f(x) < 0}. Thus, it results that tg)e[tsf), t'). Since path ¢g(t) lies in domain {z — x < 0} for te(t?, t'),

in consequence of the reasoning of section 3, instant tg’) is the unique instant of intersection of path ¢4(t)
with surface y — £(x) = 0 on interval [ts_,z), t'). Therefore, for t = t’, there must be fulfilled the inequality

vo — Hxg) < 0. {6.43)
Because x4(t') = ¢, from the last inequality we obtain
yolt') € ce + 6. (6.44)
Moreover, from that definition of the instant of time t’, we have
0>z (t)—x,(t)> —x,(t')=—c¢. (6.45)

Making use of inequalities (6.44) and (6.45), evaluate wy(t') from the above; since yq(t') 2 0, we then
will have

w, ()= ¥ () + 5 (2,(¢) — %, ()

< —;—(ce 342 - _;- €2,

Thus, from inequalities (6.7) and (6.22) we see that
wo(t') < 0.03. {6.46)
Following from {6.12) and (6.40), inequality a(x) < &* is fulfilled for te[tgz), t'] on ¢g(t). And arising from

(6.36) inequality (6.37) is fulfilled for telt$), t'] on ¢o(t). Integrating this inequality along ¢g(t) from t = t(az)
tot =t', we obtain

W, (') — W () > (1— ) 8 (95 (') — . (£9)).

Since y4(t') 2 O from the definition of t’, it results that

w, (1P —w, (#') < (1 —b)&* (k + 2ck 1 0.1).
And, as for the proof of inequality (6.38), we obtain

w0, (¢2) —w, (') < 0,0003. (6.47)

115



Owing to equality (5.39), wg(t) increases on interval [0, t((,’)]; consequently

w, (%) > w, (0) > 5.

Thus, from inequality (6.47) we have

@, (¢') > - — 0,0003. (6.48)

The last inequality contradicts inequality (6.46). The contradiction obtained proves that the first equality

of (6.42) cannot be realized.

Suppose now that the second equality of (6.42) is realized. Following from the reasoning of section 3,
path ¢4(t) can intersect plane z — x = 0 for t = t’ only for the conditions that y < f(x) and either relation (3.2)
or (3.3) is fulfilled. We rewrite relations (3.2) and (3.3) in the following way:

—cx — ba (x)

y—cx —a(x) <1

on path ¢g(t) for t = t’. Since it must occur that y < f(x) for t = t' on ¢4(t), from the last inequality it fol-
lows that

y — cx — a(x) £ - cx — ba(x).
Thus we obtain

y S (1 - bla(x). (6.49)

But from the definition of the instant of time t’, x,(t') 2 ¢; moreover, as mentioned already, inequality (6.40)
is fulfilled for te[0, Tyl; therefore from (6.12) we see that

yolt') < (1 - b)o*.

Thus, as above, we obtain
yo(t') < 0.0003.
From this inequality and from the second equality in (6.42), we have
@, (¢') < + (0.0003)% (6.50)

On the other hand, in the case considered, inequality (6.48) is obviously true. Inequalities (6.48) and (6.50)

are contradictory, and the contradictions obtained thus prove the lemma.

Now we explain in more detail the character of the behavior of trajectories ¢q(t) for oe[0, 1]. For
te(0, tg’)), path ¢,(t), as follows from the definition of the instant of time tf,’), lies in domain {x > 0, z —x > 0,
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y — Hx) > 0}; for t = tgf), path ¢g{t) intersects plane z — x = 0. For this, as results from lemma 6.1, xa(t(az))>e.
Further, path ¢4(t) for tE;) > tgf) intersects surface y — f(x) = 0 and goes into domain {x > 0, y — £(x) <0,

z — x < 0}. For an additional increase in t, ¢4(t) cannot go to origin while remaining in domain {z — x <0,

y > 0, z > 0} since, by lemma 6.2, inequality x > ¢ is fulfilled in this domain on ¢q(t). Therefore, due to
theorem 3.1, path ¢4(t) for increasing time must leave domain {z — x <0, y > 0, z > 0}. According to lemma
6.2, path ¢g{t) can leave this domain only through plane y = 0 or plane z = 0.

Suppose first that it intersects plane z = 0 for t > tf;z). Then, according to lemma 3.1, path ¢4(t) inter-
sects plane x =0 for t = T > tf}). On the path in this case, we find that y4(T4) < 0, 25(Ty) < 0. Moreover,
it is clear that path ¢,(t) intersects plane z — x = 0 in this case only one time in interval [0, Tyl for t = tg’);
it also intersects surface y — {(x) = O only one time for t = tg‘) (if a real intersection means a crossing of the
path from either domain {y — f(x) > 0} or {y — f(x) < 0} into the other). Plane y = 0 is intersected for te(0, T,)
by path ¢4(t) also only one time, for t = tg) > tg). Since ¢4(t) intersects surface y — f(x) = 0 only one time
for t = t§) and since x4(t$)) > x4(t{?)) > ¢, then plane x = ¢ is intersected by path ¢(t) only two times, for
t=t{) and for t = tgs)e(tg’), To)-

Consider now the second case. Let path ¢4(t) leave domain {x > 0, z — x <0, y > 0, z > 0} through
plane y = 0. As before, let t$») be the first instant after t1) of the intersection of Polt) with surface y —
f(x) = 0, and let tg}) be the first instant after tg) of the intersection of ¢,(t) with plane y = 0. If path ¢qlt)
does not intersect plane z — x = 0 for additional increases of t from tf}‘)to T, then, according to lemma 3.5 and
the fact that y,{t) then decreases for te[t,(}), Tol, path ¢4(t) intersects plane z = O for te(t((,‘-’), Tyl and further-
more, as follows from lemma 3.1, it intersects plane x = O for t = T,. For this, it results that z5(Ty) <0,
yol(Tg) < 0. In this case, as in the preceding, path ¢4(t) for te(0, T,) intersects plane z — x = 0, surface

y — #{(x) = 0 and plane y = O only one time and plane x = ¢ two times, for t = ts,‘) and for t = tg)e(tg,s), To).

Consider now the last possibility. Let path ¢4(t) intersect plane z ~x =0 for t = tg‘)e(tg'), Tg). For
this we will say that t¢) is the first instant after t = ts;) of the intersection of ¢y(t) with plane z — x = 0.

The following lemma is true.

Lemma 6.3

Let inequalities a > 0, b <1, ¢®*+ b > 0 and conditions (6.11)—(6.13) be fulfilled; then inequality
yolt) <0 is fulfilled for tdt{", T4l

Proof

Suppose first that x4(t§)) > e. It is easy to see that on interval t$? <t <t{9), path ¢y(t) intersects
surface y = f(x) only one timefor t = tg‘); consequently, function x4(t) on interval [tf}’, tt(f)] has only one
maximum, at point t§). Since x4{t$)) > ¢ and x4(t)) > ¢, then it results that x4(t) > € for te{t, t{']. More-
over, inequality (6.40) is obviously true for te[tgf), tg)]. In consequence of condition (6.12), on ¢4(t) for
te[t), t{ there is fulfilled inequality

a(x) < 8% (6.51)
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We evaluate zo(t((,‘)) below. Since by hypothesis we have z4(t) — x,{t) < 0 for te(tg’), t((f)), then on path
dolt) for te(tg’), tg)) it is true that

dz cx + ba(x)
G= x

or

dz a(x)
E;' >c +b—x‘.

Because inequalities x 2 ¢ and (6.51) are satisfied on ¢(t) for te(t$?), t{¢), from the last inequality we con-

clude that

dz
@— > c + ba?'.

However, from the hypothesis of the lemma, b > - ¢ therefore, we can write
dz .
E}- >c (1 — 083).
Therefore, from (6.7) we obtain the following inequality true on path ¢,(t) for te[tf,z), tg‘)]:
dz
E; > 0,9 C.

Inteqgrating this inequality along path ¢q(t) from tgf) to tg‘), we obtain

2,(£) — 2,(£) <09 ¢ (y, () — v, (£7)).
By definition ya(tg}‘ )) = 0; therefore, from the last inequality we come to
2,(6") — 2, (") <—09 ¢y, (£7). (6.52)
However, according to equality (5.39), function wyl(t) increases for tel0, t$2)]; therefore we can write

1 .
5 25(0) < w, (0) < w, (%) =+ y2(£).

Since z4(0) = ck, we obtain
¥, (£%) > ck. (6.53)
And from (6.52) we come to
z, () —z () < — 09 2.
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But for t[0, Tyl, function z,(t) is a decreasing function of time; consequently,
2, (1) < ck —09¢% =ck(1 —09¢). (6.54)

Now evaluate wa(tg"’)). On the interval of time tS}) << tg’) on ¢4(t), inequality (6.51) is true and with it
(6.37), also. By integrating this inequality along ¢(t) on interval t$) <t <t{f), we obtain

w, () —w, () > (1 —b) & (y, (1) — y, ().

Since wy(t) decreases with increasing time for te[t(OZ), tg)], then Iyg(tg‘))l < yg(tgz)). Thus from (6.39) we
have

w, (1) — 0, (¢7) > — 22 (1 — b)) VE (1. + ¢%) + 0,012.
Because k* 1 + ¢*) > 1 and wo(tsf)) > wg{0) 2 %czkz, from the last inequality we obtain
w, (%) > L ek —3r2 (1 4 0% (1 — 03,
Therefore, making use of inequality {6.7), it is easy to obtain the estimate
w, (£9) > 5 ck* (1 — 0.06 ). (6.55)

Suppose now, contrary to the assertion of the lemma, that there exists a Tae(tg), T4) such that yo(rg) =0
and for te e, o)

yolt) < 0. (6.56)

Then, according to the reasoning of section 3, z4(t) — x4(t) > 0 for te(tf,?), 7g). Thus, from (5.39) it follows
that

w, () > w, (£9). (6.57)
Since z4{t) decreases for td0, Tyl
2,(z) < 7, (). (6.58)
From inequalities (6.55) and (6.57) we see that
@, () > 5 €2 (1 — 0,06). (6.59)

On the other hand, since yg{7,) = 0, then from {6.58) we find
2,
w, (=) <52, ")
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and thus from (6.54) we obtain
w,(z,) < + c*k* (1 — 0.8¢)2 (6.60)
We will show that inequalities (6.59) and (6.60) are contradictory. - To do this we will attempt to prove that
(1 -0.9¢c)*<1 - 0.065% {(6.61)

We will show this. From the conditions of the case, za(tg‘)) > 0; therefore, 1 ~ 0.9¢ > 0 because of {6.54).
Accordingly, from inequality (6.7), (6.61) also follows. Thus, inequalities (6.59) and (6.60) are contradic-

tory. This contradiction proves the lemma in the case x4(t$’) > e.

Suppose now that xa(tfjﬁ)) <e. Since xg(tg)) > ¢, there exists in this case a unique t(os)s(t((;), t§,°’) for
which xa(tg)) =¢. For this it is obvious that there is fulfilled the inequality

2. (19) — %, (1¥) < 0. (6.62)

Then as in the preceding case, it is easy to ascertain that on-the interval of time t(OZ) <t< t(as) there is ful-
filled inequality (6.51) and, with it, (6.37) also. Integrating this inequality, we obtain inequality (6.55).
From this inequality and from (6.7) there follows the relation

w, (£9) > 5 ¢kt — 0.0003, (6.63)

By hypothesis, path ¢4{t) intersects plane z - x=0for t = tg‘)e(tg), Ty); consequently, zg(tfjs)) > 0. There-
fore, from (6.62), from the definition of t(os) and from (6.63), we have

Y2 () + €2 > c*k* — 0.0006.
Thus it follows that
M < —07
Yo (') < —0.7. (6.64)
Since y,{t) decreases with increasing time for te[tsfs), t((;’)], from the last inequality we obtain

¥, () < —0.7. (6.65)

Suppose to the contrary of the lemma’s assertion that there exists a rof(tgﬁ), Tyl such that yg{ry) = 0,
and inequality (6.56) is fulfilled for te(tff), 7g).- Then it results that z,(t) — x4(t) > O for te(tg’), 7g). Thus in-
equality (6.57) follows. It is not difficult to see that )

0<z, (v )<z (® <.,
Consequently we obtain

w,(z,) <+ & (6.66)
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From inequality (6.57) and from (6.55) it follows that
1
w, (v,) > 5 O7). (6.67)
This inequality contradicts inequality (6.66), and the contradiction obtained proves lemma 6.3.

" According to lemma 6.3 any path ¢g(t) intersects plane x = 0 for t = T, where Ty is a finite number.
Indeed, if instant tg‘) is not defined on ¢4(t) (i.e., if ¢{t) does not intersect plane z ~ x = 0 for te(tg), To)),
then it was proved above that ¢{t) intersects plane x = 0 for t = Ty, and for this it results that ys(T4) < 0.
But if instant tg) is defined, then path ¢4(t) lies in domain {x >0, y <0, z — x > 0} for te(téf), Ty). How-

ever, path ¢g(t) cannot remain in this domain for all t > tg‘)

since by theorem 3.1 it would then have to go to
origin, but this is impossible for function w,(t) always -increases with time in domain {x >0, z — x > 0}.
Consequently, path ¢4{t) goes into domain {x > 0, y <0, z — x > 0}. This path cannot intersect plane y = 0;
therefore, it also cannot intersect plane z — x = 0 for te[tf,‘s), T,), since for y <0 and x 2 0, as seen from the
reasoning of section 3, all paths of system (2.15) intersect plane z — x = 0, crossing from domain {z — x < 0}
into domain {z — x > 0}, and not the reverse way. -Consequently, path ¢4(t) intersects plane x = 0 for a

finite Ty, and for this according to lemma 6.3 it results that y4(T,) < 0.

Thus, path ¢4(t) behaves in the following way. For increasing time fromt=0tot = tf,z), Pglt) lies in
domain {x >0, y — £(x) >0, z — x > 0}. For t = t$), path ¢o(t) intersects plane z — x = 0 and crosses into
domain {x > 0, z — x <0}, Finally, for t = t(os) > tgz), path ¢,(t) intersects surface y — f(x) = 0 and goes into
domain {x > 0, y — f(x) <0, z — x < 0}. For a further increase of time, path ¢,(t) intersects plane y = 0 for
t= tg}‘). Further, one of two things is possible: either ¢4{t) intersects plane z — x = 0 for t = tg,s) and then
plane x =0 for t = T, > ts}s), or ¢glt) does not intersect plane z — x = 0, and does intersect plane x = 0 for
t=Tys> tg‘). For this, yg(Ty) < 0 in both cases. Since function x,(t) shows only one maximum on the inter-
val of time 0 <t < T,, path ¢(t) intersects the plane x = ¢ only two times on interval 0 < t < T for t = t&)
and for t = t§,5) > tg‘).

In the following discourses we will, as before, suppose that inequalities a > 0, b <1, ¢*+ b > 0 and
conditions (6.11)—(6.13) are fulfilled.

We will consider the function
u=ck-cy + z. (6.68)
Obviously, its time derivative is equal to
4 =—cu - (c?+ balx). (6.69)
Below, we estimate the quantity ua(tg)). From equality (6.69) for u < 0, we obtain

> — (¢ -+ b)a (), (6.70)
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Dividing this inequality by the equation of (2.15), for td0, t$’] and u < 0 on path ¢y({t), we will have

du (c2 4 b)a(x)
@ e

Butforu<0,y2cx+ %z. Therefore, inequality (6.71) gives
Z_i>/ ___(c*z—}—.b)a(x) > (c'i—i—b)Hx
? —a (x) -E' — HE
on path ¢glt) for tel0, t$)] and for u < 0. However, estimate (6.25) occurs on the interval of time 0 <t < ),

therefore, from the last inequality and from inequality (6.7) we have

du {4+ bHHx
dx 0.8 :

From the definition of point pg, ug(0) = 0; having noted this, we integrate the last inequality along path
¢olt) on interval [0, tg)] and obtain

u, (t0) — 1, (0) > — 7 (3 4 b).

Since uy(0) 2 0, then
u, (()>— 52 (c2 1 b). (6.72)

Dividing inequality (6.70) by the third equation of system (4.7) we find that

du _(A+b)a(x)

dz " cx + ba(x) (6.73)

foru <0. For te[tg‘), tg,s)] we have inequalities x4(t) 2 ¢ and (6.40). Thus, because of (6.13),

du (c® -+ b) 34
dz <cx+ba(x)'

By supposition, ¢? + b > O; therefore, from the last inequality we have

du (c -} b) B¢
dz > ex—ca(x)
Since the inequalities x > ¢ and a(x) < 5* takes place on ¢y(t) for te[t$, t£)], we can write
b
du (C+ 7) 8 (6.74)

dz 1—cas
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On interval t(g‘) <t <), z4(t) decreases with increasing time; accordingly, by integrating inequality (6.74)
along ¢4(t) on interval [t§), t{)], we obtain

b
. ¢tz
e (87 — 1, () > 15,8 (20 (£7) — 2z, (11)). (6.75)

Since zg(t) decreases for te[0, Tql,
2, () < 2, (0) = ck. (6.76)

We will show that

2. (1) > — V(1 + ¢) +0.012. (6.77)

Indeed, if path ¢g(t) intersects plane z —x = O for t = tg,“)e(tg}), Tol, then as proved above, za(tg)) > 0 and
inequality (6.77) is obvious. But if path ¢(t) does not intersect plane z — x = 0 for te[tga), Tol, then as
proved earlier, z4(t) — x4{t) £ 0 for tg) <t £ Ty Thus according to (5.39), wg(t) decreases with increasing

time for te[tg), T,); however, from inequality (6.39) and from the definition of function w, it follows that

w, (£0) < @, (1) < % k2 (1 + ¢%) 4 0.006.

But for zo(tg)) < 0 we have zcz,(tgs)) < 2w0(t575)). Therefore, from the preceding inequality we have
(6.77). And from inequclities (6.75)—(6.77) we obtain

_(C +§)53

u, (£9) — u, (t0) > — ——"— [ck + VB (1 + ) +0.012].

Thus, it is easy to verify the inequality

¢+ -

i, (t8) — u, () > — —5 8 (2ck + &). (6.78)

Since b < 1 by hypothesis, from this inequality and from inequality (6.22) it is easy to see the following in-
equality:

u, (£9) —u_ (£7) > — 0.0035c¢. (6.79)

From inequality (6.72) because of (6.7) we have
u, (£7) > —0.0063c.
And thus from (6.79) we conclude

u, (t&) > — 0.01c. (6.80)
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We will show that
1
w, (£7) > 5 £ (5" + ¢7) — 0.0002¢ (6.81)
Suppose first that path ¢4(t) intersects plane z ~x =0 for t = tg‘ )e(tg), Tol. Moreover, suppose that tg’) <

t((,s). Then, as was proved earlier, zg{t) — x4(t) > 0 on the interval t(gs) Lt< tg;s); consequently, wg(tg)) <
wo(t$)). Therefore, for the proof of inequality (6.81) we need to establish the inequality

@, ((7) > + £3(a* 4 ¢?) — 0.0002¢". (6.82)

On the interval [tgf), t(os)], wg{t) decreases; consequently,

¥, (9> — VE( + %) + 0.012. (6.83)

Furthermore, on interval t <t < t{®), because t{5) > t{), on path ¢y l(t) inequality (6.37) is fulfilled. Inte-

grating this we obtain

W, (1) —w, (¢P) > (1 — b) 3 (y, (D) — y, (1))

Therefore, from (6.39) and (6.83) we obtain

w, (19) — w, (@) > —2(1 — b)3#* V k(1 4 ¢*) 1 0.012.
And thus we come to
w, (18) — w, (M >—2(1—b)k(1+0) a4, (6.84)
From this inequality with the help of inequality {6.7), it is not hard to obtain
w_ (10) — o, (£?) > 0.0002¢%.
However, wg(t) increases for tel0, tgz)]; therefore,
(2) 1
@, () > w, (0) =L k(2 + 09,
Thus, we also obtain (6.82) and with it (6.81) besides.

When ¢g(t) for te[t$?), t£)] does not intersect plane z —x = 0, the proof of inequality (6.81) proceeds
analogously except that instant tg’) should be considered instead of instant tgf).

We introduce the following designations. First assume that

o? }-'¢2

2 __ b2
7 '—k 14 ¢2

71>0. (6.85)
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We designate

y,(t9) = —n+ 3y, (6.86)
2, (1) = — oq + 8z.. (6.87)

Then inequality {6.80) takes on the following form:
— edyg + 8z > - c% — 0.0lc. (6.88)
But inequality (6.81) is then rewritten in the form
(- en + 8zg — €)* + (— g + Byg)* — (1 + c¥)n® > - 0.0004c>

From this inequality we obcain

— enpz, — 2udy, + 822 By — 2ebz,

> — 9cme — 2 — 0,0004¢". (6.89)
Evaluate # = - i_x on path ¢g(t) for telt{), T,]. The following four cases are possible.
x T y—fx)
1. 8y,20, 6z, 0.
In this case, from (6.88) we obtain
Syg < ce + 0.01 <0.11, (6.90)
8zg > — c% — 0.01c + cdyg. (6.91)

Consequently, on path ¢g(t) for te[tf,s), Tl thereis fulfilled the inequality

dz __ —cx — ba(x) —cx — ba(x) - —cx — ba(x)
dx y—rx) T —mtdy,—f(x) T —n+0ll

From equality (6.85) it is easy to verify the relation 7 2 —}—/22 > 0.7; therefore,

:_2‘< 2(cx 4+ ba (x)) < 2 (cx + Hx),
X

since a(x) <Hx and b <1 for 0 £ x L¢. Integrating the last inequality along path ¢4{t) from tﬁ;‘) to Ty, we
obtain

z,(T,)) —2, (£®) ‘> — (ce® 4+ HeY)
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or
24{Tg) > — 0.1 — cnp + Sz4. {6.92)

Therefore, from (6.91) we obtain for path ¢;(t) on the interval of time [t§, T,l,

z—x en—cby, +-0.de +¢c% 4-0,0lc +- ¢’

y—ft) 7%y,
Accordingly,
z—x . 0,1e 4 ¢% 4- 0.01¢ 4-¢
y—F@ <t =5y, ’
Since 7 2 0.7, from (6.7) and (6.90) we obtain
dy Z-x < 1.38¢ (693)

dx — y—f(x)
on path ¢y(t) for tet$), Tyl
2. 8y520, 6z5 2 0.

In this case, on path ¢,(t) for tdt$), Tol, the following inequality is obviously fulfilled:

dz —¢x — ba(x)
o < Tut o, —fG) < 2(cx -+ Hx).
Consequently,

26(Tg) > — cp — ce* — He? + 8z4.

Accordingly, in this case on path ¢4(t) for te[tf;s), Tol, thereis fulfilled the inequality

z—x —cn—e—e2(c+ H).
y—r{x < —1 '
or
z—x 0,11
y=Fy Sete

Thus, following from 5 > 0.7, inequality (6.93) is also fulfilled in case 2.
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3. 8y520, 82452 0.

As was proved above, y < f(x) on path ¢4ft) for t = tfys), but xg(t(as)) = ¢ by definition of the instant of time
tg ); therefore,

yg(t((._,s)) < ce+ He <0.1.
Thus, from (6.90) there results inequality
dys <7m+0.1.
Since n > 0.7, from the last inequality it follows that
Oys < 1.57.
And consequently 27y > 8y5. Proceeding from this inequality and from inequality (6.89),
8yé — 2(en + €)8z4 + 2cne + € + 0.0004c* > 0.

In consequence of this quadratic inequality for 8z, there is fulfilled one of two inequalities:

52, > cn+ ¢ + V¢t —0,0004¢" (6.94)
or

82, < cn+ e — V c**—0,0004c2 (6.95)
Go first to the case when inequality (6.94) is fulfilled. From (6.94), because n > 0.7, we obtain

dzy > cn + € + 0.996cy > 1.996¢7.

Thus, from the definition of 8z, it follows that

zo(t$)) > 0.996c7. (6.96)
But from equality (6.85) we have
ke
n> e (6.97)

Therefore, it is not difficult to verify the following inequality:

0.9%cn > ¢. (6.98)
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We will show that

kc?

09 4=

> e (6.99)

For ¢ 2 1, inequality (6.99) results because k = max {1, -]—}= 1 and because,/l—cz— > —;- . Forc<1l, in-
c

- +¢?
equality (6.99) follows since k = max {1, cl} =—:—- and since Ve?(l -}.c%) < 0.2 by virtue of (6.7) and (6.22).

From inequality (6.99) we obtain inequality (6.98). The following inequality results from inequalities (6.96)
and (6.98):

zo{t$)) — e > 0.
But from the definition of t¢(75) we have xo(tgfs)) = ¢; consequently,
25(t§) - xt§) > 0. (6.100)
As proven earlier, this inequality is possible only when for te[t(gs), Ty) there are fulfilled the inequalities
zg(t) — xg(t) > 0, y4l(t) < 0. (6.101)
From these inequalities we see that on ¢g(t) for telt$, T,l thereis fulfilled the inequality

zZ—X

=7 <0 (6.102)

Now consider the case when inequality (6.95) is fulfilled. From this inequality by virtue of 5 > 0.7

there follows inequality

dzg < cn + € — cn + 0.0004c (6.103)
or
dyg < 0.1004c. (6.104)
From inequality (6.88) we obtain
cdyg < 8z + ¢’ + 0.0lc. (6.105)
Arising from (6.104) we have
dygs < 0.211. (6.106)

Accordingly, on ¢g(t) for tet$?), Ty, there occurs the inequality :72 = __—}c% :‘i "’(‘);ﬁ. ,
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since 5 > 0.7, then

dz cx + Ax
ax < om9 -

Integrating the last inequality along path ¢g(t) from t = t,_(,s) to t = Ty, we obtain
1
2, (T)>—cn— 0G78 (ce? + He?) 8z,

Proceeding from this inequality, on path ¢y(t) for te[th), Tgl the following inequality is fulfilled:

zZ—x cn—2z, +e+ 01l
Y — ) < n—dy,

Thus, from (6.105) there results the inequality

-

02 . 4 [ 3
- % —ce— 001 4 co 4 0014+ — 011

z—x c
<c :
y—Fx) g 2% 8z, e — 0,01
c
Accordingly, from (6.7) and (6.22) we obtain
z2—x 0,121
i <t w0

—_—% —e—0,01
K c

And thus, because of (6.105) we conclude that on path ¢g(t) for telt), T,] the following inequality is true:

0,121
= f(x)<c+04ggc<1250

Consequently, inequality (6.93) is also fulfilled in the case considered.
4. 8y5 50, 8255 0.
This case we will not consider.

Thus, inequality (6.93) is true in cases 1, 2, and 3. In consequence of this inequality, equality (6.32)
and the conditions of (6.11) and (6.12), it follows that inequality

49 £138(1 — b) cHx, (6.107)
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is true for path ¢4(t) for te[t(as), Tyl Integrating this inequality along ¢4{t) on this interval, we obtain
WolTo) — wolts)) > - 0.69(1 ~ b)Hce? (6.108)
Turn to inequality (6.84). This inequality because of condition (6.7) can be put in the form
wolts)) - wy(t§)) > - 0.4(1 - b)5~. (6.109)
But w,(t) increases with increasing time for te[t{,‘), Tgl; therefore, if tf,s) > tff), from {6.109) we obtain
wolts) > wlts?) — 0.4(1 - b)5° (6.110)

However, if tg,s) < tff) or if tg“) is not defined on ¢(t), inequality (6.110) is obtained in the same way as in-

equality (6.84), except that instant tf,s) ought to be considered instead of tg,"). Since wg(tgﬁ)) > wgl0) =

%(1 + ¢?)75? from inequality (6.110) (because cH > 1) we obtain
wolt$)) > %(1 + c)n® - 0.02(1 — b)cHS2

From the last inequality and inequality (6.108) we have
wolTg) > %(1 +c?)p? - 0.71(1 ~ b)cHe2 (6.111)

From inequality (6.78), with the assistance of (6.7), (6.22) and (6.2) or (6.3), it is easy to obtain the in-
equality

ug(t$)) — ugtt) > - 0.3H(c? + b)e- (6.112)

And from this inequality and from (6.72),
ug{ts)) > ~ 0.7H(c? + b)e (6.113)

Because of inequality (6.70), on ¢4(t) for te[tgf), Tyl and for u £ 0 there is fulfilled the inequality

du 24 b

o <~ y=rcy

However, inequality (6.106) takes place in cases 1, 2, and 3. Therefore, from the last inequality we

obtain

_ (24 b)Hx (c?2 4 b) Hx

du
ix < 1 — 0,211 - 0.489 -

Integrating this inequality along path ¢g{t) from t = t$) to t = Ty, wehave

o (T2) — tts () > — 1,1 (¢2 + b) He2.
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And thus from (6.113) we can write
ug(Ty) > — 1.8(c? + b)He> (6.114)
Note at this time that inequalities (6.111) and (6.114) are obtained only when the conditions of either
case 1, 2, or 3 are fulfilled.
Lemma 6.4

Let inequalities a > 0, b< 1, ¢*+ b > 0 and conditions (6.11)—(6.13) be fulfilled; then the following in- .
equality is fulfilled for any o€[0, 1]:

wo(Tg) > wol0). (6.115)

Proof
This lemma is proved by contradiction; namely, we suppose that
wol{Tg) < wg(0). (6.116)

If supposition (6.116) is fulfilled, then the condition of case 4 could not be fulfilled by the preceding rea-
soning. Indeed, if we assume that the condition of case 4 is fulfilled, by the definitions of dy, and 8z4, we

will have
Yolt§) == n+ dys S, (6.117)
2o(t§)) = — cp + 8z4 < - c7p. (6.118)

But yg{t) and z4(t) decrease in this case for te[tg), Tol; consequently,
¥6(To) < — nand zg(Tg) < — c7. (6.119)
However,
wolTo) > 1 (1 + e®n? = wo(0).
The last inequality contradicts supposition (6.116). This contradiction thus proves that the conditions of
either case 1, 2, or 3 are fulfilled. And then inequalities (6.93), (6.106), (6.111) and (6.114) are also ful-
filled.
Introduce the {ollowing notations:
YolTg) = — n + Ayg, 26{Tg) = - en + Azg. (6.120)
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Inequalities (6.111) and (6.114) then take on the following forms:

-~ 2nAyg ~ 2cnAzg + AyE + Azg > — 1.42(1 — b)Hee? (6.121)
~ cAyg + Azg > — 1.8(c? + b)He~ (6.122)
Inequalities (6.121) and (6.122) permit evaluating the quantity % = ;i—'}'(%— on path ¢,(t) for te[tf,s), Tol

more precisely than it was done above by inequality (6.93).

Since inequalities (6.121) and (6.122) are both obtained by the use of inequality (6.93), this represents

a more precise estimate of the function )é;(—';) than the estimate by the following approximation.
As for the establishment of inequality (6.93), the following cases can arise.
].- AYO' Z 0, AZO' S 0-

Inequality (6.93) is true on path ¢4(t) for te[tg), Tyl Integrating this along path ¢g(t) on this interval, we

obtain
Yolt) <yolTo) + 1.38cx4l{t). (6.123)

Due to inequality (6.122) and the conditions of this case, we obtain the inequality
Ay, < 1.8(c+§) He?, (6.124)
Azg > cAyg — 1.8(c? + b)He2 (6.125)
From relation (6.120) and inequalities (6.123) and (6.125), we obtain

dy z—x —en+ Ay, — 1.8(c+ b)He? — x
dx — y—f(x) > — o+ Ay, + 138 cx—ex

or

& P x

— Ay, — 1,8 Z ) He2 — 2

dy _z—x <c 7+ 8% l'(c_i.c) : €
de — y—f(x) - —n+ Ay, + 038 cx

The last inequality can be rewritten in the following way:

b
0,38 cx + 'Z‘x—l— 1,8 (c+?)Hsz (6.126)

dy _ z—x ,
dx — y—f(x) <eFe n—Ay; — .38 ex )
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Since b < 1 by hypothesis from inequality (6.124) and condition {6.7) we obtain
Ayy < 0.018.

From inequality (6.126), because of the preceding inequality, and from 7 > 0.7, there follows the relation

; 038tx+—c'£+1.8(c+—:-)-)1-132
&l =X _<ecto ‘
X y—Fx) 0,64

or

= f(x)<c+c[06(:x+ «r+3( + )Hez]. (6.127)

This inequality is true for telt$), T, on path ¢(t); integrating this we obtain the inequality

¥, (&) <y, (T,) +ex, () +c[0,3 cx?(8) +
+ %5 (t)+3(c +§) He? x, (t)], (6.128)

which is true on ¢gft) for telt), Tyl.

Due to the conditions of case 1, relation (6.120) and inequalities (6.124), (6.125) and (6.128), we ob-
tain

dv___ z—x

ax = y— f(x;_{<
- _ —en—x — 1.8ic? 4 b) He?
< TE (6.129)
—’H—lB(b—f———).‘1&’+03cx'3+08xv+3(c+ ) Helx — alx)

on path ¢4(t) for telt$), Tyl
2. AYU S 0, AZO- Z 0.

Integrating inequality (6.93), we obtain (6.123) and from this, as in the preceding case, the following in-
equality:

dy z—x < - —n—Xx
de ™y —f(x) —~M4038cx °

Accordingly, it is easy to obtain the inequality

%<c+c(,

2 x).
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From this inequality, by integration we arrive at the relation
¥olt) < yolTs) + exglt) + 0.3c%x3(t) + 0.8x3(t)
for t[t$s), T,) and thus, as in the preceding case, we obtain

Q_ Z—x —o—x ]
dx  y—f(x) <= 1+ 0.3 ¢2x24-0,8x% —a (x) (6.130)

on path ¢4(t) for te[tfys), Tol-
3. Ayg 20, Az, 2 0.
As proved above, y4(Ty) < O0; consequently, Ays; = . Thus, from {6.121) there follows the inequality
Azj - 2cnAzg > ~ 1.42(1 - b)Hee

From this inequality one of the two following cases is fulfilled:

Az,>cq+ Ve — 1,42 (1 — b) Hee? (6.131)
or
Az, < en— Ve —1.42(1 — b) Hee.,
,<em—V e (1—0b) (6.132)
Consider first the case when inequality (6.131) is fulfilled. .Rewrite this inequality in the form
(6.133)

Az, >cnte ) #—142(—0)T e,

From inequalities c?+ b > 0, (6.7) and (6.22) we obtain
H , 1 s 2
=0T e<(z+ ¢) Het < 0.01.
Thus, from (6.133) it is easy to see the inequality
H
Az, > c~q+c(*q~ 1124 -—b)ez).

Since 7 > 0.7, from this inequality we have

Azq>c*q+c*q(l —1.6.161(1 —fb)ez).
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Accordingly, because of (6.7) and (6.22) we obtain
Az, > 1.98¢7.
From this inequality and relation (6.120) we see that
zg(To) > 0.98cy.

However, z4(t) 2 z5{Tg) and x4{t) < € for te[t&s), T,l. Therefore, on the interval of time tg,s) Lt < Tg, there

takes place the inequality
zg(t) — x4(t) > 0.98cn — .
From (6.7) and the definition of 7,
zg(t) — x4{t) > 0.

for tet$), T,). As proven earlier, this is possible only when yg(t) < 0 for tdt$’, Tol; however,

dy  z—x .
ix =57 <O (&-134

on ¢y(t) for te[tf,s), Tol. Because of this inequality, inequality (6.129) is also fulfilled when inequality
(6.131) is fulfilled.

Return now to the case when inequality (6.132) is fulfilled. From this inequality we easily obtain
Azg — 2cnAzy < 0.
From this and (6.121) we have
Ayd - 2nAys > — 1.42(1 — b)Hee> (6.135)

Because of this inequality one of two conditions must be fulfilled:

Ay, >4V —1.42(1 —b) Hee? (6.136)
or
Ay, < —V ¢ —1.42(1 —b) Hee?. (6.137)

Evaluate the quantity (1 — b)Hee®. If b > 0, from (6.7) we obtain

(1 - b)Hce? < 0.01. (6.138)
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But if b< 0, from (6.3) H < — % and then (1 — b)H < H + ¢; thus (6.138) follows from (6.7). From inequalities

(6.136) and (6.138) it is not difficult to verify the inequality

Ays > 7+ - 0.0142,
Since yg(Tg) = Ayg — 3, we then have

yolTg) > n — 0.0142.

Because 7 > 0.7, from the last inequality it follows that yo{Tg) > 0, and this, as mentioned above, is not
true. Therefore, inequality (6.136) cannot be realized; consequently, inequality (6.137) is fulfilled. From
inequality (6.137) with the aid of (6.138), it is not difficult to obtain the inequality

Ayy < 1.1(1 - b)Hcex (6.139)

Inequality (6.93) is fulfilled on path ¢g(t) for te[t$?), T,]. Integrating this along ¢4(t) on interval t§) <t <
Ty, we obtain inequality (6.123). Moreover, inequality (6.125) is true in this case as in case 1. From in-
equalities (6.123) and (6.125) we obtain

b
—nt by, =18 (et ¢)Hr—7

dy  z—2x
dx~ y—f(0 <¢ — 7+ Ay, +038cx

Following from inequalities (6.138) and (6.139) we have
Ayq < 0.011.

Thus, in this case inequalities (6.127) and (6.128) are true. As in case 1, from inequalities (6.128) and
(6.139), we obtain the following inequality which is true on path ¢4(t) for te[t(o-s), Tol:

dy _ _#—% _

dx  y—f(x)
< : e (6.140)
— 41,1 (1 —b) Hee? +'0.3¢2x% + 0,8 x24-3 (c+ —c-) He?x — a (x)

From cases 1, 2, and 3 and relations (6.4) and (6.5), the inequality

d_)’__' z—x " ¢ — x— 1.8 (c? 4 b) He?
de y—f(x) < M 4 a (x) — pe? - (6.141)

is fulfilled in these cases on path ¢g{t) for te[t(gs), Tol.
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4. Ays 20, Azy 0.

We will show that one of these inequalities is strictly fulfilled; if not, we would arrive at the conditions of
one of the preceding cases. This case cannot be realized. Indeed, if the conditions of the present case were
fulfilled, we would have

w, (1) =2 92T + L 2(T) > 1w + ) =w,(0),

which contradicts supposition (6.116). Thus, if supposition (6.116) is fulfilled, inequality (6.141) is also
fulfilled.

Now evaluate the quantity y 2= % _ on the interval of time 0 <t <t for the paths ¢,(t) for

dx = x— S(x)
which 0.5 <0 <1. Go first to path ¢,(t) and evaluate y,(t) on interval [0, t(,‘)]. From equality (3.7) we see
that

d_y__ z—x z
= =7 S y=r@

Since z,(t) decreases and y4(t) increases with increasing time for te[0, tS})], from the last inequality we ob-
tain the following estimate which is true on ¢,(t) for tl0, t{V)]:

dy ck _cx + Hx
H<k—cx—Hx (:—}—c‘ —cx—Hx®

However, x,(t) < ¢ on interval of time 0 <t < t(‘) therefore, from the last inequality, because of (6.7) we
obtain

Z%< ¢+ 1.2¢(ex + Hx).
Integrating this inequality on the interval of time 0 <t < t(l‘), we have
y <k + cx + 0.6¢c(c + H)x (6.142)

This inequality is proved for path ¢ ,(t); however, according to lemma 3.9, it will also be true for all paths
¢o(t) on the interval of time 0 <t < t{1),

Now evuluate z,.t) for t0, t(‘)] Since y,.;(t) increases along with time on this interval, for ¢, ,(t)
and [0, t{!)], we will have

dz _ —ex—ba(x) cx + bHx >_cx+be
dx— y—f({xy >— 0.5 — ce — He 04

Integrating this inequality, we obtain

z > ck — 1.25(c + bH)x2 (6.143)
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The last inequality is proved only for path ¢, s{t); however, because of lemma 3.9 it is true for all paths
¢glt) for which 0.5 <o <1 for td0, tf,‘)].

We will consider the functions y4(t), z4{t) and wg(t) on path ¢4(t) for teO, tf,‘)] and te[tl(y5 ), Tyl as func-
tions of the x component. In this case, multiple values arise since path ¢4{t) passes through strip 0 <xfe
twice for interval [0, Tol. In order to avoid this multiple value, we will index our function with the sign +
on the interval of time [0, t&’] and with the sign — on the interval [t§), T,). Because of equality (6.32) and

inequality (6.141) we have

dw_ 1.8 (% + b) He?
—r <(1—0b) C_’l_'*'_%?‘:_‘_a_(k()"___jx‘;f)_ a(x) (6.144)

on all paths ¢4{t). On the other hand, from equality (6.32) and inequalities (6.142) and (6.143) we obtain

dw, ck— x—125(c + bH) x?
- > —b) Trosowr 1y —a Gy ) (6.145)

The last inequality is true for those paths ¢4(t) for which 0.5 < o < 1. Subtracting inequality (6.144) from
inequality (6.145), we obtain

dw dw_ T ck—x—1.95(c + bH) x2
+
dx T Tdx >(1_b)[k+0.6c(c+11)x2___7(;)‘
en L x -+ 1.8(c? 4 b) He?
- n +a(x)——p.szw‘_“]a(X). (6.146)

In the last inequality we will combine the fraction in the brackets and designate its numerator by A and

its denominator by B. Then we can write

A =c(k+ ) (a(x)—x)— ckpe?— 1.8 k(c® 4 b) He?
— 1.95 7 (c + bH) x*— 0,6 c*q(c + 1) x* — 1.25 (¢ + bH) x* a(x)
+ pelx 1.8 (¢ 4 b) Hela (x) — 0.6 c (¢ + H) x?
+1.25(c + bH) pe?x*—0.6- 1.8 (¢* + b) (¢ + H) cH *x?

(6.147)
and

B = [k + 0.6c(c + H)x2 — a(x)l [ + a(x) — pel. (6.148)
Estimate A for x€[0, 8]. Using (6.7), from {6.147) we easily obtain

A>c(k+ "q)[(a(x) — x) — pe? — 1.8<c +.§)Hez
— 0.625( 1 l’g)x?-—o_.%c(c - H)x2] .
Due to this inequality and inequalities (6.2), (6.3) and (6.8), we have

A> c(k+1) [0.9 (h ~ cl).x— pe? — 1,8 (c + %)H@]. (6.149)
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Thus, from inequality (6.9) we come to

A>0,9¢c(k+7) (h—%)(x~0223). (6.150)

From equality (6.148) and inequalities (6.7) and (6.11) it is easy to verify the following estimate:

B < 1.15ky.
Therefore, from (6.150) we obtain
dw, dw__ 09-% (/z———) x — 0.23) hx
@ et T (x = 0.2%) hix. (6.151)

Designate by A,w, the increasing function wy{t) for a passage of path ¢g{t) in strip 0.28 < x < 8. Integrating
(6.151), after simplifying the expression we obtain

A, >0 01— ) (/z—cl)/zaa. (6.152)

This inequality was discovered from inequalities {6.144) and (6.145). But inequality (6.145) is true only for
those paths ¢4(t) for which 0.5 £ o £ 1; consequently, inequality (6.152) is also true only for 0.5 <o < 1.

Consider now those paths ¢4{t) for which 0 £ ¢ < 0.5. Estimate 4 . = for these paths for

dx- y—f ( y—F(x)
tel0, tV). Evaluating y,.s(t) for tef0, t{2)], we have

dy  z—x ck _ 2c(c+H)x
dx y— f(x)<05k——cx Hx 2C_*—O —cx —Hx*

Thus, because of inequality (6.7) we obtain

dy<20+2c(c+H)x :

Integrating this inequality along path ¢, s(t), we see that

y < 2cx + 2.5¢(c + H)x? + 0.5k. (6.153)

This inequality is proved only for ¢, ;(t); however, due to lemma 3.9 it is true for all paths ¢4{t) for which
0 <0 <0.5. From inequality {6.25) and (6.153) we have

dy  z—x 09ck—x
dx y— f(x)> 05k +cx+25c(c+H)yx2—a(x) °

139



Since inequality (6.11) takes place for 0 < x < §, from the last inequality by virtue of (6.7) we obtain

X
098— =
Bse—° >144c. (6.154)
0.625—:—5 '

This inequality is true for all paths ¢g(t) for which 0 <o < 0.5 for td0, t$)]. From inequality (6.154) and
equality (6.32), for 0 <0 0.5

dw,
dx

> ;,44&(1 — b)a (x). (6.155)

On the other hand, from inequality (6.144) which is true for any o€[0, 1], we see that

X
dw 7+ .E -+ 0,018
— << c(l1—b) —————a(x).
x ( )1]+i:——-0.03 x)
Thus, by virtue of > 0.7, we obtain
dw__ B
E—<1.lc(1—b)a(x). (6.156)
From inequalities (6.155) and (6.156) we have
dw dw_ .

This inequality is true for all paths ¢y{t) for which 0 <o < 0.5 for 0 <x < 5.

Designate by A,w, the increase of function wg(t) for the crossing of path ¢qft) on strip 0 < x < 5. Inte-

grating inequality (6.157) results in
Awgs > 0.15¢(1 - b)hé>

Thus, from (6.7) we obtain

Ay, >1.5 c(l—b)h(h—'—%)a’, (6.158)

this inequality is true only for 0 < ¢ <0.5.

Consider now the increase of function wy(t) for the passage of path ¢g{t) on strip 0 < x £0.25. Desig-
nate this increase by A wg so that A,wg = Awg + Ajwg,. For this we will consider only those paths ¢g{t)
for which 0.5 ¢ £ 1. From inequality (6.149), true exactly for such o,
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A>—b(k+n)[p-+ 1.8 (c+_-c”—)H]ez.. (6.159)

From equality (6.148) and inequality (6.7), we see that
B> (k — a(x))(n — pe®) > 0.6(k — 0.1). (6.160)

Consequently, for 0 < x £ 0.25 we have

: b

dw dw ¢ (k+ ) [P'+'1-8(C+ 7)11]
— > — 6.161

o > — 06 =0.0 (1—b)e'a(x). ( )

Integrating the last inequality and using inequality 5 <k, we obtain

Agw, > —0.08 ck {— 1 [p T 1.8 (c +§) H] €%, (6.162)
Thus, from (6.152) we write
Aw0,> 28 (1 —p) (h'—- %)h&’
—0.08cr =01 [p- + 1.8'(c + ci) H] e, (6.163)

The last inequality has been proved only for 0.5 < ¢ < 1. But from (6.158) it is true for all oe[0.1].

Now estimate the increase of function wg(t) for the passage of path ¢g(t) on strip § < x <¢. Designate

this increase by A,wy. From inequality (6.147) and inequality (6.7), the following inequality is obtained:
A > - 2c(k + pe.

Thus, from (6.160) we find the relation

dw dw_ _ (Bt . p
T~ — oag—on (| (%)

is fulfilled for § < x <e. Accordingly, from (6.12) we have

dw, dw_ 2¢k He
+
dx x> T o3¢—on 10X

Integrating this inequality from x = & to x = € and using (6.6), we obtain

20ck H .
Aw,> — —gp—ony (1 — )% (6.164)
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Estimate finally the increase of function wy(t) on the interval of time tg}) <t< tg). Designate this in-
crease by Awg. Since wg(t) increases for telt$), {1, A, is larger than the increase of wy(t) on the inter-
val of time t§ <t <t§). If it results that t&) > t), then Awg is larger than the increase of wof(t) on inter-
val [tt(,’), tg)]. However, inequality (6.37) is true for x 2 e. Integrating this inequality and using (6.39) we

obtain

Agw,>—2(1—b) VE (1 + ¢ + 0.012 8. (6.165)

From inequalities (6.163)—(6.165) and condition (6.10) we obtain
wol(Tg) — wo(0) > 0.

The last inequality contradicts supposition {6.116), and the contradiction obtained proves the lemma.

Lemma 6.5
Let inequalities a > @ and b < 1 be fulfilled; moreover, in a neighborhood of point x = 0, let function

a(x) be differentiable and -gi}‘:—> 0. Then, if point p lies in plane x = 0 sufficiently close to the origin and if

t, > 0 is such that point ¢(p, t,) also lies in plane x = 0, there occurs inequality
w(p) > w(g(p, t.)). (6.166)

The assertion of this lemma results because the null solution of system (2.15) is stable in the sense of

Lyapunov and because of equalities (4.98) and {4.99).
Consider a path ¢(m, t) of system (2.15), with its initial point m lying on half-line {x = 0, z = cy, y > 0}.

Let T, be the first instant after t = O of the intersection of patk ¢(m, t) with plane x = 0. If it happens that
x > 0 for t > 0 on path ¢(m, t), we will say that Ty, = + . The following lemma is true.

Lemma 6.6

Let inequalities a > 0, b <1, ¢c*+ b > 0 be fulfilled. Then for all te(0, Ty,) there is fulfilled inequality

u(é(m, t)) <0 (6.167)

where u is the function introduced by equality {6.68).

Proof

Since point m lies on line {x = 0, z — cy}, u = 0 on path ¢(m, t) for t = 0. Thus, from equality (6.69) we

obtain
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t

=——(c’+b)e"’§a(x)-e"dt' (6.168)

on path ¢(m, t). Since it results that x > 0 and a(x) > O on the interval of time (0, Trm) on path ¢(m, t), from
the integral relation (6.168) it follows that inequality (6.167) is true on the interval of time 0 <t < Ty,.

Using the lemmas proved, it is not difficult to verify the following theorem.

Theorem 6.1

Suppose that conditions a > 0 and 0 £b < 1 are fulfilled; suppose, moreover, that inequality ¢ 2 1 is
fulfilled. Let conditions (6.11)—(6.13) be fulfilled; furthermore, in a neighborhood of point x = 0, let func-

tion a(x) be differentiable and g—§> 0. Finally, for |x| < %\/kz(l + c?) + 0.012, let there take place the in-

equality
f({ ~ x) = - £(x). (6.169)

Then system (2.15) has a periodic solution.

Proof

In plane x = 0, consider a point q, with coordinates x =0, y = 0, z = ¢f3; point q, with coordinates
x =0,y =P, z=cf; and segment M of the straight line {x = 0, z = c¢B}, included between points q, and q,.
Suppose that 0 < 8 <1 and B is so small that inequality (6.166) is fulfilled on the entire segment M. The

existence of such a 8 is guaranteed by lemma 6.5.

Now consider a trapezoid p,p,q.q,P, in plane x = 0. We will consider all paths ¢(1, t) of system (2.15),
the initial points of which lie inside or on the boundary of this trapezoid. Let T| > O be the first instant
after t = 0 of the intersection of path ¢(1, t) with plane x = 0. By theorem 3.2, instant T] exists and is
finite. On plane yOz of the phase space, introduce polar coordinates by means of equalities y =1 cos 6 and
z = sin 6. On the trapezoid we give the following two functions of its points:

Ar(l) = r(¢(ll Tl)) - r(]')l (6.170)
A1) = O(e(1, T1)) - 6(1) - =. (6.171)

By (1) and ¢(l) are meant the radius vector and the polar angle of point 1. From theorem 3.3, the reasoning
of section 3 and the theorem on integral continuity, functions Ar and Af are continuous.

From lemma 6.4 it follows that

Ar(p) > 0, (6.172)

when point p lies on side pyp, of our trapezoid.
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In consequence of inequality (6.166),
Ar(q) <0, (6.173)
when point q lies on side q,q, of the trapezoid.
Further, from lemma 6.6 it is not difficult to verify that
Ag(m) > 0, (6.174)
when point m lies on segment p,q, of the straight line {x = 0, z = cy}.
Finally, let point n lie on segment pyq, of axis Oz, then from theorem 3.3 we have
Ab(n) < 0. (6.175)

From inequalities (6.172)—(6.175) and the continuity of functions Ar and A4, there exists a point 1, inside
the trapezoid p,p,q,q,p, such that

Ar(l,) = A6(1,) = O. (6.176)
Consequently, points ¢(l,, Ti,) are symmetrical to point 1, relative to the origin.

Note now that from lemma 3.9 and inequality (6.40) all paths (1, t) for t{0, T1] liein the strip |x| <

%\/kz(l +c? +0.012. But in this strip, as shown by condition {6.169) of the theorem to be proven, the field

of linear elements defined by system (2.15) is symmetric relative to the origin. Therefore, path &(l,, t) in-
tersects plane x = 0 at point 1, at a time following t = Ty, and thus ¢(l,, t) is a path of a periodic motion of

system (2.15).

The theorem is proved.

Corollary

Suppose that a >0, 0<b <1 and c 2 1. Suppose further that

hx < a(x) <Hx for 0 <x <K§, (6.177)
0 < a(x) < Hx for K& < x <Ke, (6.178)
0<a(x) <K& for Ke<x<SVE(Fc)F0012, (6.179)

where the numbers h, H, § and e satisfy inequalities (6.2), (6.3), (6.6)—(6.10) and K is an arbitrary positive
number. Moreover, in a neighborhood of point x = 0, let function a(x) be differentiable and da/dx > 0.
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Finally, let equality (6.169) take place for |x| < (I:S\/kz(l +¢?) +0.012. Then system (2.15) has a periodic

motion. For proof, the change of variables x = Kx,, y = Ky, and z.= Kz, should be made and theorem 6.1
should be applied.

Section 19

In this section we will consider those cases which are not covered in theorem 6.1, i.e., the cases when
a>0,0%b<1,c<1and whena>0, b<0, and c*+ b > 0. Here we will show that periodic motions can
also appear for system (2.15). In these cases, the proof of theorem 6.1 does not proceed because we cannot
prove the continuity of functions Ar(l) and A6(l) introduced by equalities (6.170) and (6.171). The continuity
of these functions can be violated in spite of the theorem on the continuous dependence of the solutions on

the initial conditions.

Indeed, suppose that in trapezoid p,p,q,qoP, there exists a point p such that path ¢(p, t) proceeds in
the following way. There exists a point T, > 0 such that x > 0 for t(0, T,) on ¢(p, t) and

x(¢(p, T,o)) =0, Y(¢(Pl To)) =0, z(q.’)(p, To)) > 0.

Then from the reasoning of section 3, path ¢(p, t) is tangent to plane x = 0 for t = T, in such a way that it
lies in half-space x > 0 for t # T, and sufficiently close to T, It is not difficult to see that at point p the
continuity of functions Ar and A@ are violated. We will analyze in detail the behavior of these trajectories.

In this section as in the preceding, we will suppose that function a(x) satisfies conditions (6.11)—
(6.13). In addition we will suppose that function a(x) also satisfies the following conditions. We will as-
sume that a(x) is differentiable for 0 < x < § and that

da <
clx>Ofor 0<x<8é. (6.180)
Moreover, we will suppose that
a(x) < a(d) for 8 <x Zee. (6.181)

Also in this section, we will suppose that inequalities (6.2), (6.3) and (6.6)—(6.10) are fulfilled. Assume

v=+vk*H1l + c? + 0.012 (6.182)

and

(6.183)

B (c + bBHY{c + h)0 for b< 0
") cle + k)8 forb2> 0.
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Relative to numbers 8 and ¢ we will still suppose that there are fulfilled the inequalities

R r v,
e—o<,min{2—0—;c—, 3GvZe * —EE} (6.184)

and '

2(1 L) va# <(§~¥) < (6.185)

Now let point p lie inside or on the boundary of trapezoid p,p,q,q,P, Suppose that an instant of time
T, exists such that x > 0 for te(0, T,) on path ¢(p, t) and relations x =0, y = 0 and z > 0 take place for
t-= T, on ¢(p, t). Then path ¢(p, t) is tangent to surface x = 0 for t = T,. Since z decreases for t{0, Tl

along path &(p, t) and since y(é(p, T,)) = 0, we have

w(p) > w(g(p, T,)), (6.186)

where w is the function defined by equality (5.38).

Suppose that path ¢(p, t) intersects plane x = 0 for t = 7 > 0. For this we will consider that 7 is the
first instant after t = 0 of the intersection of ¢(p, t) with plane x = 0, i.e., we will consider that on path

¢(p, t) there take place the relations
x(t) > 0 for tel0, 7], x(r) = 0, y(r) < 0. (6.187)
We will show there is fulfilled the inequality
w(p) > w(e(p, 7)). (6.188)

From the reasoning of chapter III, path ¢(p, t) must proceed in the following way. For an increase of
time t from O it remains inside domain {x > 0, y — £(x) > 0, z — x > 0} until it does not intersect plane z—x=0
for t = t,. Further, path ¢(p, t) intersects surface y - £(x) = 0 and goes into domain {x > 0, y — f(x) <0,
z-x<0}fort=t,2t,. Since path ¢(p, t) is tangent to plane x = 0 for t = T, and since z(¢(p, T,)) > O for
this, then obviously a t, > t, can be found such that path ¢(p, t) intersects plane z — x = 0 for t = t,. In this
case, if y(t,) <0 on path ¢(p, t), there exists a tye(t,, t,} such that on ¢(p, t)

y{ty)) =0, (6.189)

i.e., for t = t;, path &(p, t) intersects plane y = 0 and goes into the half space of the negative y component.
If the instant of time t, exists (i.e., if y(t,) < 0), then path ¢(p, t) must, for time increasing from t = t,, inter-
sect plane y = 0 one more time for t = t5 (so that y < 0 for te(t,, ts) on &{p, t)). In this case it can happen
that t;= T, andthen path ¢(p, t) touches plane x = 0 after two intersections with plane z — x = 0. It can
also happen that t; < T,, and then ¢(p, t) touches plane x = O after a larger number of intersections with
plane z — x = 0. (Note that the number of intersections of path ¢(p, t) with plane z —~ x = 0 on the interval of

time 0 <t < T, must be even.) In this way we have
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0<t, St,<t,; <t,<t; X T, (6.190)

Analogous to the preceding, designate as T, the first instant after t = T, of the intersection of path
&(p, t) with plane z — x = 0 and designate as T, the first instant after t = T, of the intersection of ¢(p, t)
with surface y — £(x) = 0 so that T, < T, < T,.

Now consider the points of intersection of path ¢(p, t) with plane x = 0; i.e., point ¢(p, 7). We begin to
move along path ¢(p, t) from point ¢(p, 7) in the direction of decreasing time. If z(¢é(p, 7)) > O, then we will
first be in domain {x > 0, y <0, z — x > 0}; for t = 7, <7, path ¢(p, t) intersects plane z —~ x = 0 and goes into
domain {x >0, y <0, z - x < 0}. In this domain, along all motions of system (2.15), y increases with de-
creasing time; consequently, a 7, < 7, can be found such that ¢(p, t) intersects plane y = 0 and goes into
domain {x >0, 0 <y <f(x), z - x <0} for t = 7,. Finally, path &(p, t) intersects either surface y — f(x) = 0 or
plane z — x =0 for t = 7, < 7,. One of two things is possible: on path ¢(p, t) it results that either

y(7,) - £(x(r,)) = 0, 2(r;) — x{r,) <O, (6.191)
or
Y(Tz) - f(x(rz)) S 0: Z(Tz) - X(Tz) =0. (6192)

If the possibility characterized by relation (6.191) is realized, then for additional decreases of time, path
&(p, t) intersects plane z —x = 0 for t = r, < 7, and goes into domain {x > 0, y > f(x), z — x > 0}. Finally path
¢(p, t) intersects surface y — f(x) = O for t = 7, < r,. In this case, it can happen that T, = 7,; it can also re-
sult that T, <7,

In the following we will often consider functions y, z, w and t on path &(p, t) as functions of abscissa
x. In order to avoid multiple values arising for this, introduce the following designations. On interval
0 <t <t, of path ¢(p, t) we will give these functions the index 1 and the sign +, for example, y}(x). On
interval t, <t <t of path ¢(p, t), identify the functions with the index 1 and the sign -, for example, z7(x}.
{The instant of time t, also cannot be defined; this happens if y(#(p, t,)) 2 0; then this function is not con-
sidered on interval t, <t < T,.) On interval T,<t < T,, it is given the index 2 and the sign +, for example,
wi(x). Further, on interval 7, <t <7, (only if instants 7, and 7, are defined, i.e., if relations (6.191) are
realized) identify the functions with the index 3 and the sign +, for example, t;r(x); and on interval 7, £t <,
the index 3 and the sign —. Since, in the segments considered, x varies monotonically along path ¢(p, t),

with these designations we completely preserve the single valuedness.
Further, the following cases can occur:
I. On path ¢(p, t), x(r,) < 8.
[1. On path ¢(p, t), x(r,) > b.

We will begin the proof of inequality (6.188) with case II. Evaluate in this case the difference z(p) —
z(é(p, Ty)). According to lemma 3.9 we have o
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x(t,) > x(r,)) > & {6.193)
on path ¢(p, t). But for te(0, t,) on path ¢(p, t) there is fulfilled the inequality
y 2 f(x), (6.194)
Thus from (6.193) there follows inequality
¥1(8) > £(8). (6.195)

For t = ¢ > 0, let path ¢&(p, t) be the first time after t = O of the intersection of plane y = 0. It is not diffi-
cult to see that #< T,. By M designate the set of those values te[0, ¥ ] for which on path ¢(p, t) there is
fulfilled the inequality

dy .
B —z—x<o0. (6.196)

From the definition of &, z(¢(p, t)) > 0 since z(¢(p, T,)) > O for tef0, & ], and z decreases along ¢(p, t) with

increasing time for te[0, Tl

From equality %; = ;c.:;_:bxa(i it follows that on path ¢{p, t) for teM there is fulfilled the inequality

dz . a(x)
Fy>c—}—b rak (6.197)
From this inequality and conditions of (6.11)—(6.13),
dz g
z—i_jr > m‘)—a (6.198)

on path &(p, t) for teM. Multiplying this inequality by dy/dt, we obtain the following inequality true for teM:

dz - 4 d
< (c+n)d 7?‘; :
Integrating this inequality along path ¢(p, t) on set M we obtain

dz { dy
f?tdt<(c_+mjadt' (6.199)
M M

However, on the interval of time [0, ¢#], points are present in which inequality (6.195) is fulfilled for t =
and y = 0 on &(p, t). Therefore, the integral standing on the right in inequality (6.199) is less than - {5).
But from relation (3.29) and condition (6.11), £(8) > c8 + hd; therefore, we have
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dz
(Fat<—t
M

Since 92 it 2 <0 for all t0,¢ ], from the last inequality we obtain

L3
s"’—dt< —L.

~N

Y

or

z(¢lp, ¢ )) - z(p) <~ &
Because ¥#< T, from the last inequality we see that

z(p) — z(g(p, To)) > £ (6.200)
Inequality (6.200) is true only in the conditions of case I

One of two possibilities can exist in the conditions of case II: II,, relation (6.191) is realized; II,, re-
lation (6.192) is realized.

We begin by considering case II,. In this case the instants 7, and 7, are defined as instants of the
intersection of path ¢(p, t) with surface y — f(x) = 0 and plane z - x = 0 respectively.

For case II, we will distinguish between the following possibilities:

1* x(s)e(d, 8y x(
2.% x (1) € (3, ¢) x{
3.% x(t,)€e(9, ¢) x(
4% x(s)>¢ x(
5% x(7) > x(

Consider the first possibility. From lemma 3.9 we have
8 < x(r,) £ x(T,) < x(t,). (6.201)

For this, equality x(r,) = x(T,) is possible only when r, = T,. Further, from lemma 3.9 on interval 0 <x <

x(r,), we have

yHx) > yI(x) and zT(x) > zH(x). (6.202)

- —ex—ba(x)

From equality 4z and inequality (6.202) we see that for 0 < x < x(r,) there is fulfilled
dx . y—J(%)

the inequality
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dzt'  dzf
dx dx *

From this inequality and from inequality (6.200) we obtain

z;(x) - z}(x) > ¢ (6.203)

for all xd0, x(r,)].
According to lemma 3.9 we can assert that inequality
x(T,) < x(t,) £ 8 <x(r,) (6.204)
takes place on path ¢(p, t). But inequality (6.203) is true for all xf0, x(r,)]; therefore, we can write
zV(x(T,) - zF (x(T)) > & (6.205)
And from inequalities (6.202) and (6.204), we see that

~
y1(x(T,)) > y3 (x(T,)). (6.206)

But by the definition of the instant of time T,, we have
Z:_(X(Tl)) - X(T1) =0.

Therefore, from the definition of function w in equality (5.38) and from inequalities (6.205) and (6.206), we

obtain ;
wH(x(T,) - whx(T)) > %42. (6.207)

But on the interval of time 0 <t £t,, as follows from equality (5.39), function w increases along path ¢(p, t)
and decreases on the interval of time T, <t < T,. Therefore, from inequality (6.207) we have

whx(t,)) > whx(T ) + %ga (6.208)
wix(t,)) > whx(t,) + %52. (6.209)

In inequality (5.209) expression w}(x(t,)) has sense because of inequality (6.201) and condition 1*. From

the definition of the instants of time t, and T,, the definitions of function w, and inequality (6.208), we see

that
[ ()]~ [v§ (2 (TP >

From lemma 3.9 and inequality (6.39) inequality y < v is fulfilled on path ¢(p, t) for te[0, 7]. Therefore, we

can write
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i (x () — v (1) > 5. (6.210)

Since y decreases with increasing time along path &(p, t) for td T,, T,l, it follows from inequality (6.210)
that

v (£ (8)) — v (x(8) > 5 - (6.211)

Now we will prove the truth of inequalities

wy (8) —wf (3) > ;—C"’._ (6.212)
-
W) —yr @ >5- (6.213)

If x(t,) = 8, these inequalities coincide with inequalities (6.209) and (6.211). But let x(t,} < §. From
equality (6.32) and inequalities (6.202), true for all x¢[0, 8], there follows inequality

dwi _ dwf
dx dx

for xe[x(t,), 8]. And from this inequality and inequality (6.209), inequality {6.212) also follows. Analogously,
from equality (3.7) and inequality (6.211) we obtain inequality (6.213).

Completely analogously, using lemma 3.9 when 7, > T,, we will show that
w3 (8) > wi(d),
¥3(8) > y3(8).

And from these inequalities and inequalities (6.212) and (6.213) we obtain the following estimates:

wy (3) — @} (8) > _;.ca, (6.214)

Y@ —yi @ >%. (6.215)
Now we will show that inequality

() >yEO) + 2 (6.216)
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is fulfilled for xe[8, ¢]. In the same way we will prove that on path ¢(p, t) there is fulfilled inequality
x(t,) > ¢, (6.217)

and with this inequality, also the definition of symbol y(x) for xe[0, ¢]. Indeed, y¥(8) > £(5) from the defini-
tion of the instant of time 7,. But from condition (6.181), for & < x £ ¢ there takes place the inequality

E(x) < §{8) + cle - 8). {6.218)
According to this inequality and (6.184), if inequality (6.216) is fulfilled, then inequality (6.217) is also ful-

filled. Thus, inequality (6.216) is proved. This inequality is fulfilled for x = 8, as follows from (6.215);
therefore, because of the continuity it is also fulfilled for x > &, but sufficiently close to d.

Now suppose that there exists an x*[8, ¢] such that
2]
yi(x*) =5+ Q). (6.219)

Moreover, suppose that x* is the first point in which inequality (6.216) is violated, i.e., suppose that in-
equality (6.216) is fulfilled for xe[8, x*). Because of equality (3.7), on interval 8 < x < x* there is fulfilled

the inequality

dyii- 3
iy

Using inequalities (6.216) and (6.218) we obtain

dyF & 3
BT e —f@—c(e—b)

Since y1(8) > £(5), consequently

o7 RN
dx & c(e—3)
4v

And thus, from (6.184) we obtain

d)’i*' Sve
Y

Inteqrating the last inequality from x = § to x = x*, we have

i (x%) — 3 @) > — 35 (s - B).
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Therefore, from (6.184) we conclude that

W) -y B> -2

From this inequality and from inequality (6.215), we obtain

9 (%) > v @)+ .

And this contradicts equality (6.219). The contradiction obtained proves that inequality (6.216) is fulfilled
for all x5, €l.

Now estimate the quantity wi{¢) below. From equality (6.32), for xe[8, ¢], we see that

dwf

—8
2z > (1 =0 5—F5 2 ().

Thus, from inequalities (6.181), (6.184), (6.216) and (6.218) there follows inequality

dw} —§
d—;>(1—b)—T2—\'—'-a(6).

Integrating this inequality from x = 8 to x = ¢, because of (6.184) we obtain
)
wi (&) —wif (3)>—(1—b) £ (). (6.220)

Below, estimate the quantity w(¢). For the variation of x along path ¢(p, t) from ¢ to x(t,} and return-
ing from x(t,) to ¢, &(p, t) cannot intersect plane z — x = 0, since z decreases along ¢{p, t) and zT(e) < ¢
conditions 1*. Therefore, function w decreases for such a variation of x on path &(p, t). Consequently we
have

Yile) > -, (6.221)
since in the opposite case it would result that
Wi () > 59 > wf (x(4) >af (o). (6.222)

But inequality (6.37) takes place for x > e. Integrating this inequality from y7(e) to y; (), we obtain

@i (e) — @i () < (1 — )3 (i () — ¥ (9))-
And thus from (6.221) we find that
Wi (5) — wi (g) < 2(1 —b) vét. (6.223)
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Estimate the quantity 1 Z ba(8). From (6.11) we have

11— b)) <4 (H—BH)a.
Consequently, from (6.3) and (6.7),
T(1—b)a(®) < 1 (H+¢)3<0.025. (6.224)
Accordingly, from (6.220), (6.223) and (6.185) we obtain
wi (8) — i () < 5 &
From this inequality and inequality (6.214) we have

wile) > wh(s).

Therefore, from the definition of function w in equality (5.38) we obtain
1 - 1 —_ . 2 1 1 o o
L @P+ S O e > S R+ L o o) —ap

or

[yr (€)]2 + [21 (¢) — 8]2 4 (e — 3)?
—2 (21 () — 2] (e — 8) > [y5” (B2 + [25 (3) — 3]~

However, along path &(p, t), z decreases with increasing time on interval [0, 7]; consequently, 2z (¢) >

z1(8). Moreover, from condition 1* we have z}(8) < 8, but z7(e) < z1(8); consequently, z7(e) < 8. Therefore,

from the last inequality we obtain
i B]*> [y5 ()]* — (¢ —3)* — 2 (e = 3).

1
Since yI(8) > {(8) and because of (6.2), (6.3) and (6.11), £{5) >(€ + 7) 8. Then from the last inequality and

from inequality (6.6) we find
[y ()] > az[(% + c)z—— 8 — 25],

and thus we have

97 @)1 >3[(7 +e) 8 —158].
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Therefore, due to (6.7) we obtain the following inequalities:

[yr (€)1 >ed+ &f—i , (6.225)
|97 (&)1 > 0834 2. (6.226)

But it is clear that y7{e) < f(¢); accordingly, from (6.13) we obtain
y1le) < ce + ale) < ce + &% (6.227)

We will show that
. 08

Due to (6.184) we have c{¢ — 8) < 8% therefore, for the proof of inequality (6.228) we need only establish that
6%+ 8% < ?8, and this inequality results from (6.7). From inequalities (6.225), (6.227) and (6.228), we

have y,(¢) <0, and from (6.226) we obtain
(o) < —(O.Sc + '?) 3. (6.229)

From this inequality and from equality (6.32) there follows inequality

dwy € :
e <=ty e (x)
(0.80—[— c—)6+c6'

for xe[8, €]. Integrating this inequality from x = 8 to x = ¢ and using (6.181), we obtain

—b)e(s—B)a(®)
pres)e

wi (&) — wi (3) <Y

Accordingly, from (6.184) and (6.224) we find
2
w7 (e) — @i (3) < 0.05 - (6.230)
From this inequality and inequalities (6.220), (6.223), (6.224) and (6.185), we have

wit (8) — i (3) < 5 C. (6.231)
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Here, the designation w,(5) is defined since, as mentioned above, z(8) < z7(¢) < 8 and, consequently, de-
creases with decreasing x for § $x <¢, y;(x) and path ¢(p, t) in this interval does not intersect surface
y - f(x)=0.

From inequalities (6.231) and (6.214) we obtain
w(8) — wi(8) > 0. (6.232)

As mentioned before, path ¢(p, t) intersects plane z — x = 0 for the first time after t = t, for x < §, i.e.,
x(t,) < 8 on &(p, t). Moreover, from inequality (6.229) it follows that y(t,) <0, and then the instants t, and t,
are defined on path ¢(p, t). Because z}(8) < §, it is clear that the expression z;(8) is defined and z;(5) < &
since z decreases with increasing time for te[0, 7] on path ¢(p, t}. Moreover, it is obvious that w decreases
for te[t1(8), t7(8)] along path ¢(p, t) since z ~ x < 0 for such t. Consequently,

w3 (8) < wi(d).

Thus from (6.232) we obtain

w1 (8) > w3(8). (6.233)
We will show that
wy (x(t,) > wilx(t,). (6.234)
Indeed, from inequality (6.233) we see that
Y1 (8) <y3(d) (6.235)
since
z7(8) < z7(8), (6.236)

and z7(6) < 8. From equality (6.32) and inequalities (6.235) and (6.236), for x < & and sufficiently close to §
there is fulfilled the inequality

dw dwg
WrE < e (6.237)
We will show that this inequality is fulfilled for xe[x(t,), 8]. Assume to the contrary that there exists a
x*e[x, (t,), 8] such that
oy dwy

dx  dx ? (6.238)
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for x = x* and inequality (6.237) is fulfilled for xe(x*, 8]. From inequalities (6.237) and (6.233) we write
wi{x*) > wi(x*). (6.239)

However, since z,(x*) > z7(x*) and z(x*) < x*, then from (6.239) y7(x*) < y5(x*) and for x = x* there is ful-
filled inequality

dwl dwg
dx - dx ?

which contradicts equality (6.238). The contradiction obtained thus proves the fulfillment of inequality
(6.237) for all xdx(t,), 8]. From inequalities (6.233) and (6.237), inequality (6.234) results.

We conceive of the following four cases.

(a) Suppose that z{¢(p, 7)) < 0. Then, as is easily seen, w decreases along path ¢(p, t) for telt;(x(t,),
7]. Consequently, from inequality (6.234) there follows inequality

w(r) <wlt,) (6.240)

on path ¢(p, t). But on interval t, <t <t, on path ¢(p, t) inequality z — x > 0 is fulfilled; consequently, w
increases on this interval along path ¢(p, t), and then

w(g(p, ts)) > w(e(p, 7). (6.241)
We will show that
w(d(p, ts)) <w(p). (6.242)
Since z decreases along ¢(p, t) for t0, 7], we have
z(4(p, ts)) < z(p). (6.243)
Moreover, from the definition of instant t; we obtain
y(o(p, tg) = 0 and z(g(p, ts)) — x(h(p, tg)) > 0.

From these relations and the definition of function w in equality (5.38), inequality (6.242) thus follows.
Inequality (6.188) follows from inequalities (6.241) and (6.242).

(B) Suppose that t;= T, and z(¢(p, 7)) > 0. Because of inequality (6.234) and because function w in;
creases for tdt,, t, and decreases for telt;(x(t,)), 7,] along path ¢(p, t), there follows inequality

w, (x(7,)) > wi(x(r,)). (6.244)
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We will show that inequality
wi(x) > wi(x) (6.245)

is fulfilled for all x€l0, x(r,)]. Assume to the contrary that there exists a x*¢[0, x(r,)]such that inequality
(6.245) is fulfilled for xe(x*, x(r,)] and

w, (x*) = wy(x*) (6.246)

for x = x*. But for x€[0, x(r,)] we have z (x) > z7(x} 2 x. Then from inequality (6.246) y7{(x*} > y,(x*). Thus

we obtain
dwy; dwg
dx oo ys dx ey’
But from the continuity, we will have
dor  dwy
dx dx

for x > x*, but sufficiently close to x*. The last inequality in combination with inequality (6.245) contra-
dicts equality (6.246). This contradiction proves that inequality {6.245) is fulfilled for all xe[0, x(r,)] and,
in particular, that inequality (6.241) is fulfilled for x = 0. As above, we obtain inequality (6.188) from in-

equality (6.241).

(y) Now let 0 < x(ty) < x(r,) and z(¢{p, 7)) > 0. In precisely the same way as in the preceding case, we
will prove that inequality (6.245) is fulfilled for xex(ty), x(7,)], and then we will have

wi(x(tg) > wi(x(te))-
Substituting for function w its expressions in x, y, and z, we obtain

[y (8)]% + [2(£5) — x (&)]*
> [y5 (< EN]® + [25 (x (&) — x (Z:))*.

However, by definition of instant t, wehave y(t;) = 0. Moreover, it is clear that z{t;) > z7(x(t,)) > x(t,).

Therefore, from the last inequality we obtain

[y5 (X U] + (257 (x ED]® 4 [x (E:)]* — 225 (x () x (&)
<[z + [x (6)]*— 22 (£5) % (L)

Thus, we have

[ys (x(t N1 + [25(x(t:))]2 < [z(t,)]% (6.247)
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Since |y| and |z| decrease with increasing time along path ¢(p, t) for telt5 (x(ts)), 71, from inequality (6.247)

we obtain inequality
[y(m1? + [2(n)]? < [2(t )12
But 0 < z(t;) < z(p); therefore,
[y(n)]? + [2()]? < [2(p)]* < 2w(p).
This inequality thus proves inequality (6.188).

Go now to the last case.

(8) Suppose that z(¢(p, 7)) > 0 and 0 < x(r,) < x(t;) on path &(p, t). Since function w increases along
with time on path ¢(p, t) on the interval of time [t,, tgl, from inequality (6.234) there follows the relation

w(ts) > w(r,).

Rewrite this inequality in the following form:

yAts) + [z(t) — x(t:)]* > y*(r,) + [2(r)) - x(r,)]™

Since we have y(t;) = 0 from the definition of instant t,, we can write

2% (t) + x* () — 2x (£) 2 (£) > ¥* (%)
+ 22 () + X2 (z) — 2x () 2 (=)

But from the definition of 7, we have x(7,) = z(r,); consequently, we can write

2% (t;) + x* (t5) — 2x(£5) 2 (45)
> y2(x) + 22 (r) — X2 (xy)-

Since x(r,) < x(t,) by hypothesis, from the last inequality we obtain
z%(t,) — 2x{t)z(ty) + 2xt,) > yHr.) + z%(7,).
However, z 2 x for te[t,, t,l on path ¢(p, t); therefore, we have

yAra) + 2%(r,) <z%(tg).

(6.248)

(6.249)

Since |y| and |z| decrease with increasing time along ¢(p, t) for telr,, 7], from the last inequality, as in case

(y), we obtain inequality (6.188).

Thus, in case 1* inequality (6.182) is fulfilled.
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Consider now cases 2* and 3*. In these cases, as in the proof of inequality (6.208), we establish the

inequality
wit) > wlr) + %gz. (6.250)

Since function w on interval 7, < t <7, of path ¢(p, t) has only one maximum which is for t = 7,, from (6.250)

it follows that
wit,) > wi(8) + %41 (6.251)
If x(t,) < ¢, then, as in case 1*, from inequalities (6.250) and (6.251) we obtain the inequalities

ylt) <0 (6.252)

~and
wit,) > w(r,). (6.253)
But if x(t,) > ¢, inequality (6.253) obviously preserves its truth.

We will show that inequality (6.252) is also fulfilled in this case. Indeed, assume to the contrary that
y(t,) 2 0. But t,is the instant of intersection of path ¢{p, t) with plane z - x = 0. For t < t, and sufficiently
close to t,, path ¢(p, t) lies in domain {x > 0, z — x < 0}. Therefore, as proven above, y(t,) must satisfy in-
equality (6.49). But by hypothesis x(t,) > ¢; therefore, from inequality (6.49), lemma 3.9 and condition (6.13),
y(t,) <(1 — b)6*. Since z-x=0fort =1, on ¢(p, t), then

w(2,) =-;— y:(ty) <—;—(1 — )23, (6.254)
On the other hand, from (6.253) we have

@ (t) > w(w) > wf () >3 v O

>ires %(c + %)’ 5t

Since we are considering only case ¢? + b > 0, the last inequality contradicts inequality (6.254). Conse-
quently, in the cases considered, inequalities (6.252) and (6.253) are fulfilled. From these inequalities, as

in case 1%, it is easy to obtain inequality (6.188).

In cases 4* and 5%, as in the preceding cases, we establish inequalities (6.250)—(6.253). And from

these inequalities it is not difficult to verify inequality (6.188).

In case II,, from lemma 3.9 we have

Yix(7,)) > y(7,). (6.255)
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Moreover, since z decreases along path ¢(p, t) for €[0, 7], we have
z3(x(r,)) > z(7,). (6.256)
From these inequalities and the definition of function w, we find
wi(x(r,)) > w(r,). (6.257)
As in case II,, from lemma 3.9 it is easy to obtain the inequality
whlx(r,)) + 3 &7 < wilx(r,)). (6.258)
From these inequalities, as in case II,, it is not difficult to obtain inequality (6.188).
Now consider case I and introduce the following designations. We assume 7' = r, if relation (6.191) is
true and 7' = r, if relation (6.192) is true. Thus, z(+') — x(s’) = 0 on path ¢(p, t). Since, z decreases for
te[0, 7] along &(p, t), then for te[0, t,] we have
z(t) > z('). (6.259)
Because z{t,) = x(t,) from the definition of instant t,, from {6.259) we obtain
x(t,) > z(r') = x('). (6.260)
Then from the continuity of function x(t) on path ¢{p, t), we can assert that there exists a t'e(0, t,) such that
x(t') = x('). (6.261)
If relation (6.191) is fulfilled, function x(t) on path ¢(p, t) for te[s’, 7] has only one maximum which is for
t = r,; but if relation (6.192) is fulfilled, then function x(t) decreases along ¢(p, t) for tl#, r]. Thus from
the conditions of case I, inequality

x(t) < x(r,) < 8. (6.262)

is fulfilled on ¢(p, t) for t7, 71. From equality (6.261) and lemma 3.9, on path ¢(p, t) there is true the in-
equality

y(t') > y(e'), z(t') > z(r'). (6.263)

Consider function v as defined by equality (4.98). We will show that on path ¢(p, t) there is fulfilled
the inequality

v(t') > v(r'). (6.264)
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From equalities (4.98) and (6.261) and inequality (6.263), it is sufficient to show that for this

SV () — (1 — by () e (x ()
>4y (¢)— (1 — 8) y () a (2 (). (6.265)

Following from conditions (6.3) and (6.11),
(1 - bla(x(t")) < a(x(t') + cx(t') = £(x(t')). (6.266)
But t'e[0, t,]; therefore,
y(t') 2 £(x(t")). (6.267)
Thus, from (6.266) there follows inequality

y({t'}) > (1 - b)a(x(t')). (6.268)

;

If 7' = 7,, in an analogous manner we obtain
y(r') 2 (1 - bla(x(r')). (6.269)
If 7 =7, (i.e., if relation (6.192) is realized), then z{r') = x(r') and path &(p, t) lies in domain {z — x < 0} for
t > 7/, but sufficiently close to 7/. Thus, from inequality (6.49) inequality {6.269) is fulfilled in this case.
From inequalities (6.268), (6.269) and equality (6.261), inequality {6.265) follows and from it, (6.264) also.
Since x increases monotonically along ¢(p, t) for te0, t ], for tel0, t'] we have
x Sx(t') = x(r) < 8. (6.270)
From inequality (6.270), condition (6.180) and equality (4.99), the following inequality results:
v(p) > v(e(p, t'). (6.271)
From inequality (6.262) condition (6.180) and equality (4.99), we obtain
v(g(p, t')) > v((p, 7)). (6.272)
From inequalities (6.264), {6.271) and (6.272), there follows inequality
v(p) > v(g(p, 7)).

Since function v and w coincide for x = 0, (6.188) follows from the last inequality. Thus, inequality (6.188)
is established.
Inequality (6.188) permits the following assertion to be proved.
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Theorem 6.2

Suppose that conditions a > 0 and b < 1 are fulfilled; in addition, suppose that c*+ b > 0. Let function
a(x) satisfy conditions (6.11)~(6.13), (6.180) and (6.181), in which numbers h, H, & and ¢ satisfy inequalities

(6.2), (6.3), (6.6)—(6.10), (6.184) and (6.185). Moreover, let equality (6.169) be true for |x| < E Then sys-

tem (2.15) has periodic motions.

Proof

Let P be trapezoid p,p,q,q,Po defined for the proof of theorem 6.1. We will move through point peP of
trajectory ¢{p, t) of system (2.15). Let Tg’) be such that x(Tg’)) =0 and x > O for te(0, Tg’)) on path ¢(p, t).
Of course, it is possible that such a finite T§,°) does not exist; i.e., it can happen that path ¢(p, t) lies in
half-space {x > 0} for all t > 0; then from theorem 3.1 path ¢(p, t) goes to the origin for t » + 0. In this
case, we will consider Tg’) =+ oo and ¢(p, Tg’)) = (0, 0, 0). If path &(p, t) touches plane x = 0 for t = Tf,“)
(i.e., if y(TS’)) =0 and z(TE,u)) > 0 on the plane), then we will designate by 7, the first instant after t = 0 of
the intersection of path ¢(p, t) with plane x = 0. That is, we will consider that on &(p, t),x(rp) =0, y(rp) <0
and x(t) 2 O for tel0, 7,]. It can be said that such a 7, does not exist (i.e., that path ¢(p, t) lies in half-
space {x > 0} for t > 0), then by theorem 3.1, &(p, t) goes to the origin for t » + o; in this case we will say
that 7, = + e~ and ¢(p, 7p) = (0, 0, 0). If on interval 0 <t <7y, path ¢(p, t) touches plane x = 0 not only for
t= Tg’), we will designate by Tﬁﬁ, Tg), ... the instants of contact of path &(p, t) with plane x = 0 for
te(0, 7p).

As for the proof of theorem 6.1 we introduce the following two functions of the points of trapezoid P:

Ar(p)=r(e(p, T)—r(p). (6.273)
A8 (p) =69 (p, 'TS")) =8 (p) — =, (6.274)

where r(p) and O(p) are the radius vector and the polar angle of point p. Let E be the set of points of trape-
zoid P on which inequality Ar(p) > 0 is fulfilled and F the set of points of trapezoid P on which Ar < 0.

Both of these sets are nonempty according to lemmas 6.4 and 6.5. On set E, both functions Ar(p) and A&(p)
are continuous. Indeed, let peE; then y(é(p, Tf,"))) < 0 since in the contrary case the relation w(é(p, Tg’))) =

%zz(qS(p, Tf, ) < %w(p) would hold, and this inequality is not possible since peE. From inequality
y&(p, T§,°))) < 0 and from the theorem on integral continuity, functions Ar and A@ are continuous on set E.
We will now show that set F is open in P. Let peF. If y(¢(p, T{,"))) < 0, then from the theorem on
integral continuity, along with p in F a certain neighborhood of this point is contained. But let y(¢(p, Tl(DO)))=0-

Then following from inequality (6.188),

2 (¢ (p, 7)) <w(p). (6.275)
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Moreover, since y(é(p, Tf,k))) = 0 and z({¢(p, Tf,k))) > 0, from the decrease of z along path ¢(p, t) for td0, 7ol

we have
w(pp, TE) < wip). ' (6.276)

But from the theorem on the continual dependence of the solutions of the initial conditions, on path ¢(g, t)
of system (2.15), the initial point geP of which lies sufficiently close to p, the points ¢(q, Tg’)) lie arbi-
trarily close to one of points ¢(p, Tg‘)) or ¢(p, 7p). Thus, from inequalities (6.275) and (6.276), set F is

open in P.

Since set F is open in P and since function Ar is continuous on set E, from lemmas 6.4 and 6.5 there
exists a continuum K such that Ar(p) = 0 if peK and K has points both on side p,q, and on side p,q, of trape-
zoid pyp,q,qoP.. But K CE; consequently, function Aé is continuous on K. From lemma 6.6, it follows that

Ad(p) > 0 (6.277)

if p lies at the intersection of K with side p,q, of trapezoid P. But if point p lies on the intersection of K
with segment p,q, of axis Oz, as proved above, y(¢(p, T’g°))) < 0 and, consequently,

A8(p) < 0. (6.278)

From the continuity of function Af on continuum K and from inequalities (6.277) and (6.278), on K there

exists a point p, such that

Ab(p,) = 0. (6.279)
But from the definition of K we have

Ar{p,) = 0. {6.280)
From equalities (6.279) and (6.280), &(p,, t) is a path of periodic motion of system (2.15).

The theorem is proved.

Corollary

Suppose that a > 0, b <1 and ¢*+ b > 0. Suppose further that function a{x) is differentiable for 0 <
x <K& and there are fulfilled the following inequalities:

hx <a(x)<Hx Z5> 0 for 0<x<K3, (6.281)
0<a(x)<a(Kd) for K< x<Ke, (6.282)
0<a(x) <KM for Ke<x<X, (6.283)
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where numbers h, H, 8 and ¢ satisfy inequalities (6.2), {6.3), (6.6)—(6.10), (6.184) and (6.185), and K is an
arbitrary positive number. Suppose moreover that equality (6.169) is true for jx| < I%’ Then system (2.15)

has a periodic motion. For the proof of this corollary, change values x = Kx,, y = Ky,, z = Kz, and use
theorem 6.2.

We now note the following circumstance.

Remark

In theorem 6.2, number h is an arbitrary number greater than 1/c; therefore, the range of variation of
function a(x) given in theorem 4.5 cannot be broadened. That is, whatever the value of X> %, a function

a(x) can be found satisfying the inequality
0<alx)x <Xxx*for x £0, (6.284)

such that system (2.15) will have periodic motions and, consequently, its null solution will not be stable in
the whole.

In conclusion, we formulate the following theorem resulting from theorems 4.1—4.4 and 6.2.

Theorem 6.3

In order for the null solution of system (2.15) to be globally stable for any function f(x) satisfying the
generalized Hurwitz conditions, it is necessary and sufficient that the conditions of one of the following
three cases be fulfilled:

L <0, >0,
L. a=0, 0< h< 1,

2
M..a>0, b<0, =55+ <0.
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Chapter VII. ON THE INSTABILITY OF MOTION AND PERIODIC SOLUTIONS.
GENERAL CASES

Here we consider system (2.8) for condition d # 0. For this we direct our attention to those cases in
chapter IV for which there was no success in establishing the global stability of the null solution for any
nonlinear function f(x) satisfying the generalized Hurwitz conditions (2.9)—(2.12). Thus we will consider
cases 8, 11, 12, 13, 14, 16, 17, 21, and 22. As earlier, let numbers A and B be designated by formula
(4.101) and number k by the formula

k?=c + dA. (7.1)
For this, if cases 14, 21 or 22 are fulfilled, we will suppose that inequality
A’-dA+b>0 (7.2)
is true, and if the conditions of case 16 are fulfilled, we will say that there is fulfilled the relation
Ab — Ak*+ dk*< 0. (7.3)

For the conditions formulated above imposed on parameters a, b, ¢ and d of system (2.8), we will find
conditions (imposed on nonlinearity f(x)) such that for their fulfillment not all the solutions of system (2.8)
will go to origin for t » + . At the same time we will prove that in the cases considered the Ayzerman
problem is answered in the negative. And since we proved the global stability for any f(x) for all the re-
maining cases of system (2.8), we also obtain the nécessary and sufficient conditions in order for the null

solution of system (2.8) to be globally stable for any function f(x) satisfying the GHC.

Moreover, in this chapter we will find certain sufficient conditions allowing periodic solutions different

from the equilibrium position for system (2.8).

Section 20

In this and the following section, we will exclude case 17 from consideration since it is discussed in

section 22 of this chapter.

Following directly from a study of the conditions of the cases considered, A > 0 for all these cases.
From inequality (2.43) we have k*> 0 for all cases studied except case 13. Moreover, k?>> 0 in case 13 also
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for the following reasons: inequality (2.42); d < 0 in case 13; in this case number A is the boundary on the
left of function f(x)/x for the fulfillment of the GHC.

As earlier, introduce instead of f(x) a new nonlinearity y(x) by the formula
y{x) = f(x) - Ax. (7.4)
In this and the following sections, analogous to that given in the preceding chapter, we will say that func-

tion y(x) dbeys certain special conditions approximately the same as those in chapter VI. Suppose that
function y(x) satisfies the following conditions:

hx? < y(x)x < Hx?for 0 < |x| £ 6, (7.5)
0 < y(x)x SHx?*for 6 < |x] Se, (7.6)
0 < y(x) sign x £ &* for |x| 2 e. (7.7)

We will designate these conditions as conditions E(h, H, §) or simply as conditions E. In conditions E, the

quantity e obeys the inequality

0<e—-658% (7.8)
and the numbers h and H obey the inequality
2 > J
H>h> R2(dA4+R2—D) (7.9)

TARY —dRE—Ab

As in the preceding chapter, we will say that the number § is sufficiently small. However, for a simplified
discourse we will not evaluate quantity 8§ since this was given in chapter VI in inequalities (6.7)—(6.10),
and we suppose only that this quantity is sufficiently small. We will understand this in the sense that a
8, > 0 can be found for fixed h and H, such that the asserted relations will be fulfilled for & < §,.

In the following we will frequently use the notation O(8*). This symbol, asusual, will designate the
quantity for which constants N and §, can be found such that |O(5")] < N&* for & £ §,.

System (2.8) is rewritten in the notations of (7.4) in the form

dx dy __ :
==y —Ax—1(x), 2t—=‘_-cx~dAx—- dy (x),
iz . (7.10)
5= —ax— bAx — by (x).
As before, in system (7.10) we will substitute the change of variables
xl___._Azx_.Ay.’_z' ylzz—-kzx, Zl=ky, (7-11)

167



A
—nt+ga _z _ R+ A%y + ARz, (7.12)
i L TR R FE T mrE

Then we will have

= —Ax —(AY—dA + 51 ()

dt
dd-l;- == — kzl + (k’ = b)'\'(x), lldftl=ky1 - dkT (x) a

{7.13)

In the following we will frequently compare the solutions of system (2.8) with the solutions of that sys-
tem which is obtained if we assume in (2.8) that y(x) = f(x) — Ax = 0, i.e., with the solutions of the system

y—Ax, 2=z cx—dAx,Z— — ax— bAx. (7.14)

dx __
- ’ dt dt

dt
In the variables x,, y,, z,, this system has the following form:

dx, dy 5 dz.
= Ax, = k2, =k, (7.15)

In the following, y/{p, t) will designate those paths of system (7.14) which go through point p of the

phase space for t = 0.

It is easy to see that the general solution of system (7.15) has the form

xl = xloe—At, yl =y10 cos kt - zlo sin kt , } (7.16)

2, = Yypsinkt 4 2z, cos kf,

where x,,, v,,and z,, are the values of functions x,, y,, z, for t = 0.

Let p and q be two points of the phase space and designate the distance between them by |p - g||. Let
¢{p, t) and ¥{q, t) be paths of systems (7.10) and (7.14) respectively. We will consider this path on the in-
terval of time 0 <t < T where T is some fixed number. Then, it is obvious that

lo(p, &) — (g, £)|=0@)-t+0(|g—pl). (7.17)

Estimate (7.17) because the special form of condition E(h, H, §) can be improved.

Lemma 7.1

Suppose that function y{x) satisfies condition E(h, H, 8). Suppose further that points p and q lie in domain

z 1
{x =0, [x|<8 y= ';:‘ > 7} and llp — q|| = O(8%). Then for sufficiently small § the relation
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llalp, t) — ¥lg, t)]| = O(8% (7.18)

is true for t0, S5#/2k].

Proof

Directly from formula (7.16) we see that path /(q, t) of system (7.14) on the interval of time 0 <t <

57 intersects plane x = O three times: fort =0, t = t; and t = t;. In this case it is easy to see that t! = l% +

2k
O(8) and t! = i—” + O(3). But from estimate (7.17) and the reasoning of section 3 of chapter III, for suffi-
ciently small 8, path ¢&(p, t) also intersects plane x = 0 three times on the interval of time [0, 5#/2k]: for
t=0,t=t,and t =t,. For this it is clear that t, = %+ O(8) and t, = i—” + O(d).

Furthermore, from formula (7.16) on the interval of time [0, t\] path i(q, t) intersects plane x = ¢ two

times, for t = 7{ and t = 7}, and also plane x = 2¢ two times, for t = 8, and t = §,. It is clear that 7, < 4, <
0, <7

From estimate (7.17) it is not difficult to conclude that path ¢(p, t} of system (7.10) also intersects
plane x = ¢ two times on interval [0, t,], for t =7, and t = 7,. Further, from formula (7.16) it follows that
0, = O(8). However, from (7.17), relation (7.18) is fulfilled for t{0, 6,]. According to this estimate, 7,¢(0, ,);
consequently, point ¢(p, 9,) lies in domain {x > ¢}. From condition E(h, H, 8) and estimate (7.18), relation
(7.18) is fulfilled from that time when the points of both paths #(p, t) and {q, t) lie in domain {x > ¢}. But
from this relation it is clear that both of these paths lie in half-space {x > ¢} on the interval of time 8, <
t £ 0, Now designating by 6, the instant following 0, of the intersection of path y/(q, t) with plane x = —2¢,
as above, we will show that

g, - 6, = 0(5).
And thus it follows that relation (7.18) is also fulfilled for 0 <t < 4,.

Continuing further with the same reasoning, we will prove the lemma. From lemma 7.1 the following
relations are obtained:

lp(p, t.) ~ (g, t1)l| = O(5?), (7.19)

e, t,) — g, i)l = O(53). (7.20)

Lemma 7.2

Suppose that function y(x) satisfies condition E(h, H, 8) with a sufficiently small 8. Suppose further

that point p lies in domain {x =0, |x]|< a"', y= i,'; > —;—} ; then relation
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Lx (@ (py £))1 <™ (7.21)

is true where, as earlier, t, is the first instant after t = 0 of the intersection of path &(p, t) with half-plane
fx =0, y >0}

Proof

Directly from formula (7.16) and estimate (7.17), for sufficiently small &, path ¢(p, t) intersects half-
plane §x = 0, y > 0} for t = t,£(0, 57/2k). Now, as earlier, let t} be the first instant after t = 0 of the inter-
section of path ¢(p, t) of system (7.14) with half-plane {x = 0, y > 0}. Then from the first of formulas (7.16),
there exists a positive constant r < 1 such that

L (9 (P, £,)) | < 8™
Therefore, the assertion of the lemma also follows from (7.20).

In the cases considered, introduce the function of the coordinates of the phase space:
W= —;— (z—k2x)* + % k2y?. (7.22)

The time derivative of this function, taken because of the differential equations of system (7.10) as is

eqasily verified, equals
w == [(k? — b)(z — k2x) — dky| 1 (x). (7.23)

In plane x = 0, consider the following domain:
P= {x:O, || < 8% @ > 5 (A2 42), y>0}.

Designate its closure by P. Take an arbitrary point peP and consider a path &(p, t) of system (2.8). If con-
dition E is fulfilled, then following from the preceding reasoning, there exist instants of time 0 < t, < t, such
that points &(p, t,) and ¢(p, t,) lie in plane x = 0; on interval 0 <t <t, and t, <t <t,, x preserves sign on
path &(p, t). Accordingly, assign point peP to ¢(p, t,) lying in half-plane {x = 0, y > 0}. Designate by I the
transformation thus obtained of the plane of domain P into half-plane {x = 0, y > 0}. From the uniqueness
theorem and the theorem on integral continuity, the transformation I is mutually single valued and mutually

continuous.

Lemma 7.3
Suppose that parameters a, b, ¢ and d of system (2.8) satisfy one of the three following conditions:

I. The conditions of one of cases 8, 11, 12 or 13.
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II. The conditions of one of cases 14, 21 or 22 and inequality
A*~Ad+Db>0. (7.24)
III. The conditions of case 16 and inequality
Ab - Ak*+ dk?< 0. (7.25)

Suppose further than function y(x) = f(x) ~ Ax satisfies condition E(h, H, 8) with sufficiently small §.
Then there is true relation

I(P)CP. (7.26)

Proof

From relation (4.153) we see that the inequality

b-k?-dA <O (7.27)

is fulfilled in the conditions of the lemma. We will show, moreover, that inequality (7.25) is always fulfilled
in the conditions of the lemma. If condition I of our lemma is fulfilled, from {7.27) and d < 0, b — k?< 0, and
thus (7.25) also follows.

Suppose that condition II of the lemma is fulfilled. If case 14 occurs, inequality (4.25) follows im-
mediately because d <0 and b < 0 in this case. But if case 21 or 22 is realized, then we have A —d >0
from (7.24) and inequality (7.25) from k> 0 and b < 0.

Finally, if condition III is fulfilled, inequality (7.25) is immediately given.

According to lemmas 7.1 and 7.2, for the proof of relation (7.26) it is sufficient to prove only the in-
equality

w(p) < w(d(p, t,)) (7.28)
if

ﬂe{x=0, L] <8 L (A4 A7) <w < 2(AT+ Y, )'>0}-

First we will prove that inequality

w(p) < w(g(p, t,)) (7.29)
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is fulfilled for

ps{x=o, lrl<d™s 3 A+ F) Sw <A+ R, y>0}

As usual, in inequalities (7.28) and (7.29) t, and t, are sequences of the instants of the intersection of path

&(p, t) with plane x = 0.

As mentioned before, path ¢(p, t) intersects plane x = ¢ twice on the interval of time {0, t,], for t = 7,
and t = 7,. It is further clear that ¢(p, t) also intersects plane x = & twice on interval 0 <t <t,. Lett=T,
and t = T, be a sequence of the intersection of path ¢(p, t) with plane x = §. Then obviously, 0 < T, <7, <
7, <T,<t,

Calculate the increase of function w along path ¢(p, t) for a variation of time fromt=0to t =t,. Let
yoand z, be the y component and the z component of point p and y(‘) and z(*) be the corresponding coordi-
nates of point ¢(p, t,). From the same definition of point p we have

2o = Ay, + O (3™). (7.30)

From lemmas 7.1 and 7.2 and formula (7.16) it is easy to see that
YO = —y,+0@"), 20 =—2z,4 O@™%). (7.31)

Evaluate the quantities y and z on path ¢(p, t) for tel0, 7,} from the small to the large sequence relative to 8.

We have

dy _z—cx—df(x)
dcr— y—fx) ° (7.32)

Since function y(x) = f(x) — Ax satisfies condition E(h, H, &), from the last equality and equality (7.30) we
obtain the following relation which is true on path @(p, t) for tel0, r J:

dy __
D=A+00). (7.33)

Integrating this equality along path &(p, t) from t = 0 to t = 7, we obtain

Y = Yo+ Ax + O(8%). (7.34)
As from equality
dz __ —ax—bf(x) (7.35)

dx—  y=f(x)
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we see that the evaluation
dz
== 00@) (7.36)

is true on path ¢(p, t) for te[0, r,]. Integrating this relation along path &(p, t) for te[0, 7,], we obtain
z=Ay,+ O (%) (7.37)
because of (7.30).

Now evaluate quantities y and -z on ¢(p, t) for tedr,, t,] in the same way. From equality (7.32), because
of equalities (7.30) and (7.31) as before, we obtain (7.33). And from this equality and (7.31), we conclude
that on path ¢(p, t) for telr,, t,] thereis fulfilled the evaluation

= — ¥, + Ax + O(&%). (7.38)
Analogously, from equality (7.36) we obtain (7.37) and from it,

z=—Ay,+ O(Fh) (7.39)
on ¢(p, t) for tdr,, t,l.

Evaluate the increase of function w along path ¢(p, t) for a passing through of the last strip 0 < x Se.
For this we will consider function w on path ¢(p, t) for tel0, 7,] and ter,, t,] as functions of the x component.
For this, multiple values immediately arise since path ¢(p, t) passes through strip 0 < x < ¢ twice on the in-
terval of time [0, t,]. To avoid this multiple valuedness, we will assign to function w the sign + on time

interval [0, r,} and the sign — on interval [7,, t,]. Accordingly this will restore the single valuedness.

Dividing equality (7.23) by the first equation of system (7.10), we obtain

d Bi—b)z — dB2y — B2 (B2 — b
diil = )‘zy “Axij 1 (x). (7.40)

From this equality and from evaluations (7.34) and (7.37) we come to

dw, (k2 — ) Ay, — dB2y, — dR?Ax — k2 (k2 — bY x -+ O (8'%)
v _ -5) Ay, - OL8%) ¢ (x). 7.41
dx Yo—1(x) + 0 (@) 1) (7.41)

Similarly, from equality (7.40) and evaluations (7.38) and (7.39), we obtain

dw 2 2 2 2 s
dw_ (%2 — b) Ayy + dR2yy — dk2Ax — B3 (k2 — b) x + O ( ¥'h)
dx . — yoo— T(x)+O0(¥h) 1(%). (7.42)
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dw dw_
. Take the difference —ax—"' — 4z - Directly from calculation it is easy to see the truth of the following re-

lations:

dw, N dw_

dx dx
e g (B4 — Ab— dBY) 1 (x) — 2 (k2 — b + dA) x+ O( ¥'%)

Go— 100+ 00 Gu b1+ 0(3w) 1Yo (7.43)

This evaluation is true on path ¢(p, t) for 0 <x <.

Now evaluate the increase of function w along path ¢(p, t) for the passage of the final strip 0 < x < 6.

By supposition we have
fpe x =0, |x,| < 5%/, %(Az + k) Sw 2%+ K3}
However, from the definition of function w, we have
1+00) <y, <2+ 0(). (7.44)

Thus, from (7.43) and condition E(h, H, 8), for sufficiently small & there is true the inequality

dw dw 1 .
> —[(sz — Ab—dk?) 7 (x)

— k2 (dA + k2 —b) x] 1 (x) + O (¥4) 1 (x). (7.45)

Accordingly, because by hypothesis, Ehx < y(x) < Hx for 0 < x £ §, we obtain

Wy s L wA—Ab— )
K2 (dA + k2 —b)] hx? 4+ O(3%) (7.46)

for x[0, 8]. Integrating this inequality from x = 0 to x = §, we arrive at
Aw> = [(sz Ab — dR2)h — k2 (dA + k® — b)] h3® + O (8'h), (7.47)

where A,w is the increase of function w for the passage of path ¢(p, t) on strip 0 <x £ 8.

Next, evaluate the increase of function w along path ¢(p, t) for the passage of the next strip 6 < x Se.
From (7.43), (7.44) and condition E(h, H, ) we obtain the inequality

Dy o> 4k (dA+ B —b) x1(x) + O, (7.48)

This inequality is true on path ¢(p, t) for xe[8, el. Integrating inequality (7.48) from x = & to x = € we ar-

rive at
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B> — 4 B2 (dA+ 12— bYH (8 —) + O (3%) (e —3). (7.49)

Here A,w designates the increase of function w for a passage of path ¢(p, t) on strip 8 < x <e. From in-
equality (7.49) and condition (7.8) we obtain

Agw > O(8%). (7.50)

Finally, evaluate the increase of function w along path ¢(p, t) for telr,, 7,]. From formula (7.16), eval-
uation (7.17) and the definition of point p, all coordinates of path ¢(p, 1) on the interval of time {0, t,] are
bounded in absolute value by one and the same number which is dependen} only on parameters a, b, c and d
of system (7.10).

From the definition of the instants of time 7, and 7,, x > ¢ on path ¢(p, t) for ter,, 7,]; but then from con-
dition (7.7), 0 < y(x) £ &* on ¢(p, t) for telr,, 7,). Accordingly, from (7.23) the relation

w = 0(8%) (7.51)

is fulfilled on path ¢(p, t) for telr,, 7,]. Further, because of formula (7.16) and evaluation (7.17), T,—1, < %7—'
And then from (7.51) it follows that

Aw = 0(8%, (7.52)

where A,w designates the increase of function w along path ¢(p, t) on the interval of time r, <t <r,. Com-
bining relations (7.47), (7.50) and (7.52) we obtain the evaluation

Aw > ¢ [(K2A — Ab — dk?) b

— k2 (R -+ dA — b)] k¥ -+ O (¥'h), (7.53)

where Aw is the increase of function w along path ¢(p, t) for tl0, t,]. Thus, from condition (7.9) and in-
equalities (7.25) and (7.27), inequality {7.29) is fulfilled for sufficiently small é.

Proceeding further with this same reasoning for ¢t > t,, we will prove inequality (7.28). And from this
inequality, as mentioned above, the assertion of the lemma also follows.

Thus the lemma is proved.

The assertion of the following theorem results from what was just proved by the lemma.

Theorem 7.1

Suppose that the conditions of cases 8, 11, 12 or 13 are {fulfilled; suppose moreover that function y(x) =
f(x) — Ax satisfies condition E(h, H, 8) with a sufficiently small §; then system (2.8) has solutions which do
not go to the origin for t -» + eo.

The assertion of this theorem follows from relation (7.26) and the meaning of transformation I.
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Corollary

If the conditions of cases 8, 11, 12 or 13 are fulfilled, the null solution of system (2.8) is not globally
stable for any {(x) satisfying the GHC (2.27).

Proof

We will show first that inequality

k(b — k2 —dA
Ab(—’— ART - dkz <B-A (7.54)

takes place in the conditions of the cases considered. We have

b-k*-b-c-dA=dB. (7.55)

Thus we obtain

B(b—B—dA) _ kd(B—A)
Ab—ARY + dk*™ d(AB+ kY <B-—A,

and then (7.54) also occurs.

Now we take an arbitrary function y(x) = f(x) — Ax satisfying condition E(h, H, 8) in which quantities h

and H obey the inequality

b— k2— dA
B—A>H> >G50 0 (7.56)

and § is sufficiently small. Inequality (7.56) is contradictory. Furthermore, from the conditions of E, func-

tion y(x) thus chosen satisfies the GHC 0 <@< B-Aforx#£0.

Therefore, the assertion of the corollary also follows from theorem 7.1.

Remarks

In the conditions of E, h is an arbitrary number satisfying inequality (7.9); therefore, the region of vari-
ation of function y(x) given by theorem 4.16 cannot be broadened. That is, whatever the number h, >

2 (b — kt — dA)

Ab— AR aR a function y(x) can be found which satisfies inequality
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O0<y(x)x <hx*for x #£0 (7.57)

such that system (2.8) will have a solution not going to origin for t +st oo,

Theorem 7.2

Suppose that the conditions of cases 14, 21 or 22 and inequality (7.24) are fulfilled. Suppose, more-
over, that function y(x) = f(x) — Ax satisfies condition E with a sufficiently small 8. Then system (2.8) has
a solution not going to the origin as t » + .

Corollary

Suppose that the conditions of either case 14, 21 or 22 and inequality (7.24) are fulfilled; then the null
solution of system (2.8) is not globally stable for any functions f(x) satisfying the GHC.

Proof

If the conditions of case 21 are fulfilled, then the assertion of the corollary is obvious since any func-
tion y(x) satisfying condition E(h, H, 8) also satisfies the GHC @ >0for x#0.

We will show that the inequality

2 (b — k71— dA)

a
Ab — AR® + di? <5 —A (7.58)

takes place for the fulfillment of the conditions of case 14 or 22. From the definition of quantities A and k?
we have

a AR
: A=— i (7.59)
therefore inequality (7.58) is rewritten as
B2(b—F2 — dA) AR3
Ab —Ak® + di? b - (7.60)

Since b < 0 in the conditions of the cases considered, from (7.60), because of (7.25), we obtain

k?*b* — k*b — dAk*b < - A®bk?+ A*k* — Adk*
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or

k*A? - dA + b){b - k? <0. (7.61)
The last inequality results from b < 0 and inequality (7.24). Thus, inequality (7.58) is proven. From
this inequality, h and H can be chosen such that function y(x) satisfying the conditions E(h, H, 8), with a §
as small as is desirable, will at the same also satisfy the generalized Hurwitz condition 0 < %x) < - % -A

for x # 0. Therefore, the assertion of the corollary follows from theorem 7.2.

Remark

From theorem 7.2 we see that the region of variation of function y{x) given by theorem 4.17 cannot be

k(b —k* — dA)
Ab— Akt —dR2’

(7.57) such that system (2.8) will have solutions not going to origin for t - + .

widened; i.e., whatever the value Iz1 > a function y(x) can be found satisfying inequality

Theorem 7.3

Suppose that the conditions of case 16 and inequality (7.25) are fulfilled. Suppose, moreover, that
function y(x) = f(x) ~ Ax satisfies condition E(h, H, 8) for sufficiently small . Then system (2.8) has a

solution not going to the origin for t » + .

Corollary

If the conditions of case 16 and inequality (7.25) are fulfilled, then the null solution of system (2.8) is
not globally stable for any f(x) satisfying the generalized Hurwitz condition (2.35).

Remark

In consequence of theorem 7.3, the range of the function given by theorem (4.18) cannot be broadened;

.i.e., whatever the value of the number

k(b — kt— dA)
h1>Ab — Ak? + dRYV’

a function y(x) can be found satisfying inequality (7.57) such that system (2.8) has solutions not going to

the origin for t » + oo,
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Section 21

In this section we will formulate some conditions for the existence of periodic solutions to system (2.8)
ford £0.
Theorem 7.4

Let the conditions of either case 8, 11, 12 or 13 be fulfilled. Further, let function y{(x) = f(x) — Ax
satisfy condition E(h, H, 8) with sufficiently small 8. Suppose, moreover, that a positive A exists such that

y(x) - x 2 A for |xl 2, (7.62)

where ¢ is the number fiquring in condition E. Then system (2.8) has periodic solutions different from the
equilibrium position.

Proof

As earlier, use p to designate domain {x = 0, |x,| < 83/2, w > %(A2 + k?), y > 0}, where w is the function

defined by equality (7.22). Further, introduce function v for consideration in the formula

1

1 1
v=g Xty Wit A
L ox (7.63)
+v(bA — Ak® 4- di?) y 1(x)dx,
0
where
g A—dAtb (7.64)

B: _p

It is easy to see that v > 0 in the considered cases. Because of the differential equations of system (7.10),

the time derivative of function v is equal to

O==— Ax] —v[R2 (k2 — b} dA) x
— (Ak? — Ab — dk?) 1 (x)] 1 (%). (7.65)

Take an arbitrary point peP and let 0, t,, t, be a sequence of instants of the intersection of path ¢(p, t)
with plane x = 0. As proved above, on the interval of time 0 <t <t,, there exist only two instants of the in-
tersection of path ¢(p, t) with plane x = ¢. Let 7, and 7, be these instants; we will then say that r, <7,.

Because of formula (7.16) and evaluation (7.17) the inequality
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(AR — Ab— dR®) H*? (1 + £, — 1,)
< (R —b—dA) (=) (7.66)

will be filled on path ¢(p, t) if a sufficiently large v, > 2(A® + k?) is taken and if only point p lies on that
part of curve {x = 0, v = v} which is disposed of in the closed domain P. Designate this arc by 1. Let p be
an arbitrary point of arc 1; we will calculate the increase Av, of function v along path ¢(p, t) for a variation
of t from O to t,, From formula (7.65) and condition E, the inequality

v < v(Ak? - Ab - dk*)H%? (7.67)

is fulfilled on ¢(p, t) for telr,, t,] and tel0, 7,]. Designate by A,v the greater increase in function v along
path (p, t) on the intervals of time [0, 7,] and [r,, t,]; then from (7.67) we obtain

Ao <<v(AR2— Ab—dRY) H?% (x; 1 £, — ). (7.68)

From equality (7.65) and condition E(h, H, &), for a sufficiently small & on path ¢(p, t) for telr,, 7,],
there is fulfilled the inequality

o <— 2 (K — b+ dA) x1(x). (7.69)

Consequently, from condition {7.62) of the theorem to be proved, on ¢{p, t) for telr,, r,] there takes place the

inequality

o <—EX (k2 — b+ dA): (7.70)

Let A,v be the increase of v on the interval of time {r,, 7,]. Integrating inequality (7.70) along ¢(p, t)

from t = 7, for t = r,, we have

8,0 < —BX (2 — b+ dA) (v, — ). (7.71)

By adding inequalities (7.68) and (7.71) and because of (7.66), we obtain

Av < 0. {(7.72)

The last inequality means that
v(p) > v((p, t,)). (7.73)
Using the same reasoning for path ¢(p, t) for a variation of t from t, to t,, we obtain the inequality

V(P) > V(¢(P: .tz))' (7.74)
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Designate by Qthe domain {x = 0, |x,| < 8’/2, V<V, W %(A2 +k?, y> 0}, and by Q its closure. As earlier,

we will designate by I the transformation of the closed domain P into itself for motions of the path of system
(2.8). From lemma 7.3 and relation (7.74), we have

IQ) cQ. (7.75)
Therefore, because of the well-known theorem of Brouwer, in domain Q there is a point q fixed relative to
transformation I. However, from the meaning of transformation I, path ¢(q, t) is a path of a periodic motion

of system (2.8).

Thus the theorem is proved.

Theorem 7.5

Suppose that the conditions of either case 14, 21 or 22 and inequality (7.24) are fulfilled. Further, let
function y(x) = f(x) — Ax satisfy condition E(h, H, 8) with sufficiently small 8. Suppose moreover that there
exists a A > 0 such that condition (7.62) is fulfilled. Then system (2.1) has a periodic solution different
from the equilibrium position.

Theorem 7.6
Let the conditions of case 16 and inequality (7.25) be fulfilled. Let function y(x) = f(x} — Ax satisfy
condition E(h, H, 8) with sufficiently small 8. Suppose, moreover, that a A > 0 exists such that condition

(7.62) is fulfilled. Then system (2.8) has a periodic solution different from the equilibrium position.

The last two theorems are proved in the same manner as was theorem 7.4.

Section 22

In this section we will consider case 17 and establish the necessity of the conditions of theorem 4.19.
For the proof of the necessity of conditions (4.188) and (4.189), suppose that at least one of these condi-
tions is not fulfilled, and we will show that then there is a path going to infinity for increasing time for sys-
tem (2.8). For definiteness let

x
0

Tim (T x) + f1x) dx) < + oo, (7.76)

where, as earlier, y(x) = {(x) - Ax.
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* Due to relation (7.76) there exists a number M > 0 such that

y{x) <M for x 2 0. (7.77)

Assume that
+ o
fx(x)dx=l< + oo, (7.78)
0

We will consider two cases.
[. G=A*-dA +b20. In this case consider point p with coordinates x =0, y =y, z = z,.

Let the coordinates of point p satisfy the inequalities

Ayy> 2y > 2AM + 2. (7.79)
As earlier, let x, = A% - Ay + z. Then
B Ax,— Gy (x).
From the last equality we see that on path &(p, t) there is fulfilled the equality
4
x, = e~At [xm — be 1-eAtdt ] , (7.80)
where x,, =z, - Ay,
We will show that on path ¢(p, t) for t 2 0 there is fulfilled the inequality
z > 2AM. (7.81)

Indeed, for t = 0 this inequality is fulfilled as follows from (7.79).

Suppose that it is violated for t = t, > 0, and let t, be the first instant after t = 0 for which inequality
{7.81) is violated; i.e., suppose that the following relations are fulfilled:

z(a(p, t,)) = 2AM (7.82)

and

z(o(p, t)) > 2AM for t0, t,).
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We will show that then

_ Z
y - Ax > X (7.83)
on path ¢(p, t) for tel0, t,). Indeed, for t = O this inequality is fulfilled. Now assume that there exists a
t*e(0, t,] such that on path ¢(p, t) it occurs that

y(t*) — Ax(t*) = 5%—) , (7.84)

and inequality (7.83) is fulfilled on ¢(p, t) for td0, t*). But for tel0, t,], z 2 2AM by supposition; conse-
quently,

y — Ax 2 2M > y(x)

on path ¢(p, t) for tel0, t*]. Then for such t, x monotonically increases along path ¢(p, t); and therefore,

x > 0 for te(0, t*] on ¢(p, t). However, by hypothesis, G 2 0; from this and from (7.80), x, < 0 occurs for
t{0, t*] on trajectory ¢(p, t). And this also so that inequality (7.83) is fulfilled for te[0, t*], which contra-
dicts equality (7.84). The contradiction obtained thus proves that inequality (7.83) is fulfilled on path
é(p, t} for all t0, t,].

However, from equality (115_ = y _—;4%% we obtain
dz —by(x)
dx = y " Ax— M (7.85)

on ¢(p, t) for tel0, t,). And thus, from (7.82) and (7.83) we have

dz by (x)
T > — (7.86)

on path ¢(p, t) for td0, t,]. Integrating this inequality along path ¢(p, t) on the interval of time 0 <t2t,
we obtain

2(t) — 2> — .

Accordingly, from (7.79) we establish that
z(t,) > 2AM. (7.87)

This inequality contradicts relation (7.82). The contradiction obtained thus proves that inequality (7.81) is
fulfilled on path ¢(p, t) for all t 2 0.
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Since A > 0 and M > 0, from inequality (7.81) path ¢&(p, t) doesnot go to the origin. Consequently,
global stability is absent in the case considered.

II. G<0. In this case, consider point p with coordinates x =0, y =y, z = z,, and let
J
zy, = Ay, >2AM—!—(b—G)M (7.88)

We will show that the inequality
y - Ax > 2M (7.89)
is fulfilled on path ¢(p, t) for t 2 0. Indeed, this inequality is fulfilled for t = 0, as follows from (7.88).

Suppose that it is violated for t = t, > 0, and let t, be the first instant after t = 0 for which inequality
(7.89) is not fulfilled; i.e., suppose that on path ¢(p, t) there results

y(t,) — Ax(t,) = 2M, (7.90)

and inequality (7.89) is fulfilled on ¢(p, t) for tel0, t,).

From equality Z}z— = % we obtain
iz =)

dax y—Ax —M

and thus, because of (7.90), we arrive at

dz by (x)
ix = M (7.91)

on path ¢(p, t) for te0, t,]. Integrating this inequality along path ¢(p, t) on the interval of time 0 <t <t,,

we have

2(t)—2 > —. (7.92)
And thus, from (7.88) we obtain
z2(t)>24am & (7.93)
Now return again to equulity-d—x—‘ = — Ax, — Gy(x). From this equality and because of (7.88), we obtain

dt
for path &(p, t)
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4
X =—e—AG § 1-e*dt. (7.94)

Consequently, from (7.89), as in the preceding case, we establish that inequality x, 2 0 is fulfilled on path
&(p, t) for t0, t,].

Divide equalit dx, = — Ax, — Gy(x) by the first equation of system (2.8) to obtain
Y @ + = Gy(x) by q y

dx, _ —Ax, — Gy (x)
dx = y—Ax—q(x) "

Accordingly, because x, 2 0 on path &(p, t) for te[0, t,], we obtain

o, o _ Gy (%)
dx S y—Ax—q(x)
on ¢(p, t) for teO, t,].
Due to (7.89), the last inequality gives
dx, Gy (x) 7.95
ax ST M (7.95)

on path &(p, t) for te0, t .

By integrating the last inequality, we obtain

%) — % (0)< "‘%,

However, x,(0) = 0 because of (7.88). Therefore, for path &(p, t), from the last inequality we obtain

A(Ax () —y(E) +2(B) < — 3. (7.96)

Thus, from (7.93) we obtain

A(Ax(t)—y () +2am —FH 9

or y(t,) - Ax(t,) > 2M on path ¢(p, t). Thelast inequality contradicts relation (7.90). The contradiction ob-
tained thus proves that relation (7.89) is fulfilled on path ¢(p, t) for t 2 0. Accordingly, path &(p, t} does
not go to the origin. Consequently, global stability is not present in this case.

Thus the following theorem is established.
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Theorem 7.7

Suppose that the conditions of case 17 are fulfilled; then, for the trivial solution of system (2.8) to be
globally stable in the whole, it is necessary and sufficient that the following conditions be fulfilled:

Jim, (ux) +§ "x(x)dx)=+co

and
X —0

im (—7(x)+§1(x)dx)=+‘oo.

Corollary

If the conditions of case 17 are fulfilled, then the null solution of system (2.8) is not globally stable

for any f(x) satisfying the generalized Hurwitz conditions (2.36).

186



CONCLUSIONS

The problem which is solved in the present work consists of the following. For what values of the
parameters aj; is the null solution of the system of three differential equations

; ]
'g=f(x) + a2y + a52,

d .
;1%' = Ay X -+ QY - 252, (2.1)

dz . ’
2 X + a3y + agz.

globally stable for any nonlinearity f(x) satisfying the generalized Hurwitz cenditions? In other words, it is
required to ascertain for what values of ajj is the question of Ayzerman's problem answered in the affirma-

tive. This problem is studied in this work in a comprehensive way. The following results are obtained.
If a,, + a,, = 0, system (2.1), by a change of variables, is put into the form

R d . d .

For the null solution of system (2.15) to be globally stable for any nonlinearity f(x) satisfying the general-
ized Hurwitz conditions, it is necessary and sufficient that one of three conditions be fulfilled:

I.a<0, 6>0,
I.a=0, 0<b<],

2
H. a>0, &<0, (l—jb—)ﬁ-b<0.
But if a,, + a,; # 0, then system (2.1) is put into the form

ey —f), D=z—cx—df(x), 2= _ax—bf(x) (2.8)

For the null solution of system (2.8) to be globally stable for any nonlinearity f(x) satisfying the gen-
eralized Hurwitz conditions, it is necessary and sufficient that one of the following conditions be fulfilled:

I. The conditions of cases 9, 10, 15, 18, 19 or 20.
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II. The conditions of cases 14, 21 or 22 and the inequality
A*-Ad+bZ0.
III. The conditions of case 16 with inequality

Ab - Ak*+ dk*2 0.
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